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Abstract

To adapt H.L. Mencken’s famous observation, every red-blooded math-
ematician at some time, when faced with making sense of a function de-
fined as an infinite sum of more familiar functions, must have felt the
temptation to expand all these familiar functions as power series, reverse
the order of summation, and sum the series giving the coefficients at each
degree to obtain a power series for the sum! Unfortunately, the series
at each degree are usually divergent and the constraints of mathematical
propriety advise that we therefore avert our eyes and abandon the effort.
And even where a reckless disregard for mathematical manners permits
the application of divergent series methods to make sense of these coef-
ficient sums, a naive application of the above program still leads to the
resulting summation function being erroneous. The purpose of this paper
is to introduce the concept of Césaro arrays. These give an explicit frame-
work, within the context of generalised geometric Césaro convergence (as
introduced in previous papers), under which the above program can in
fact be salvaged - the reversal of order of summation can be made to
work, the divergent series for coefficients at each degree can be summed,
and the resulting complications which have traditionally doomed the naive
program-implementation can be resolved. Césaro arrays thus provide a
new tool for analysing functions of a complex variable via power series
(be they Taylor series, Laurent series or asymptotic series - at 0, co or
elsewhere). This is the first in a set of three papers exploring such arrays.

1 Introduction

Many interesting functions of a complex variable arise as a sum of other func-

tions, for example the sum of exponentials f(z) := Zj‘;l e77% or the sum of
. . . [e'e) — 2,2 . .
normal distributions H(z) := 3_7~ e~ "/"*". This latter function plays a cen-

tral role in Riemann’s initial paper' on the distribution of prime numbers -
and its remarkable properties likewise play a critical role in Hardy’s proof that
there are infinitely many non-trivial zeros of ¢ on the critical line, a proof which
utilises the extraordinary structure of the singularities of H on the boundary of
its region of convergence.

lin which the Riemann hypothesis was first conjectured



In such cases it is always tempting to try to understand the behaviour of the
sum function, for z near 0 or as z — oo, by considering corresponding power
series (e.g. Taylor, Laurent or asymptotic) for each summand function in z,
reversing the order of summation, and summing the coefficients at each order,
z™, to obtain a power series for the sum function.

Unfortunately, in a world constrained by classical convergence, this is almost
always impossible, partly because the series for the coefficients at each order are
generally divergent, but also because some required orders in z are apparently
missing altogether.

In a generalised geometric Césaro framework, however, we can overcome
these obstacles and it is the purpose of this series of papers, of which this is the
first, to outline how. The generalised geometric Césaro framework referred to
here is as outlined in the three introductory papers ([I], [IT] and [IIT]), and we
note that the geometric aspects of this underlying theory (in terms of placement
of summands and the use of a geometric Césaro summation variable) remain
crucial in this new world of Césaro arrays.

In this paper we develop the Césaro arrays approach fully and apply it to
derive some known and some new results as demonstration calculations. Specifi-
cally, our initial example calculation is a re-derivation which could instead easily
be performed directly. But some of the subsequent examples, while known, are
not straightforward and are only understood currently by alternative, indirect
means; and the final demonstration calculation is completely new, as far as we
know.

In the second paper in this series, we then apply these Césaro array meth-
ods to the function H(z) := Y72 e~™"2*  Having derived its asymptotic
behaviour near z = 0 in this paper, we use Césaro arrays to further derive its
remarkable boundary singularity structure, mentioned above. We then also use
this boundary Césaro array analysis for H(z) to derive a famous theorem from
the area of finite exponential sums and to extend it to obtain a further count-
able collection of related Césaro exponential sum identities. In this approach,
the Césaro array analysis furnishes something akin to a generating function for
such identities; and this suggests a more general application of such Césaro array
methods to other problems in the field of exponential sums.

In the third and final paper in the series, we then return to comment on
the rigourisation of some of the aspects of this Césaro array approach. This is
necessary since the emphasis in the first two papers will be on illustrating the
practical utility of such Césaro array methods, rather than having the advance
guard get bogged down too early in the muddy wastes of formal proof or the
hedgerows and fixed-trenches of detailed machinery.

2 Césaro arrays - methodology and examples

Preliminaries: The critical result which underlies the Césaro array method
was introduced in [I] and then formally proven, as theorem 2, in [III]; namely
that where we add in powers j” (n € Z>¢) at integer points j on the positive



real axis, and let X = k + « in the usual way, then we have the following strong
Césaro asymptotic relationship for the p-sum function:
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The strong Césaro asymptotic relationship captured by the notation ~ means
that if we write the p-sum function as an exact relationship

k Xn+1
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j=1

for some remainder-function, R, (X), then R, (X) S 0as X — ooviaa pure
power of the Césaro operator P, and in fact we have seen that

P"R,](X) — 0 classically as X — oo . 3)

Indeed in [III] we saw that this remainder function can be represented explicitly,
using the terminology of formal function elements, as

oo
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where the éj () are rescaled versions of the (periodised) Bernoulli polynomials
and the final sum thus becomes a finite sum from 7 = 0 to j = n. We shall
make use of this in the third in this suite of papers on Césaro arrays, where we
discuss how to make this methodology rigorous, but for now it suffices to leave
things as stated in equations 1-3.

The key point is that s¢ _,(X) contains only one component, namely %,
which we might call strongly divergent in the sense of being a non-trivial eigen-
function of P, with eigenvalue n%ﬂ The residual component of the expression
for s¢,_n(X) is only weakly divergent in the sense that it can be made con-
vergent purely by repeated application ((n + 1) times) of the Césaro averaging
operator.

Let us now use this to consider our first example developing Césaro arrays.

2.1 The case of f(2):=) 2 e¢7/* - developing the method
of Césaro arrays

In the case of f(z) := Z;}; e~7% we can in fact calculate trivially what the
correct asymptotic expansion for f(z) as z — 07 should be. If we let r = =7
then for Re(z) > 0 we have |r| < 1 and so f(z) is given by the classically
convergent geometric series

fE) =3 ==
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Elementary manipulations thus give us that, as 2 — 07,

f(z) =

1 z 2 22 2 22 3
= —_ 1 —_ _— —_ —_ —_ —_ —_
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Note that the relationship of the coefficients in this expansion to the values of
at 0,—1,—2,... is not apriori obvious in this approach. Rather, it just emerges
as an observation from the computation.

Attempting an array approach: Now let us try to replicate result 5 us-
ing a naive program of expanding each summand e 7% in its Taylor series near
0, reversing the order of summation and then summing independently at each
degree, z". We place each summand, e7%, at the point j on the x-axis and if
we expand e 7% as

in the vertical direction by placing each term (—1)”%z" at (j,n) in the z-y
plane, we obtain an array in which all terms involving 2™ occur at the same
"height" (i.e. at (1,n), (2,n), ... in the 2-d plane). See Figure 1.
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Reversing the order of summation means that rather than summing each column
of terms vertically at = j to get e 7% and then summing these horizontally,
we instead try to sum each row in the array horizontally to get a coefficient of
2™, leaving a power series for f(z) in powers of z near 0.

Problems: This leads to issues on two fronts trying to emulate equation 5:
(1) At height n the coefficient series for 2™ is (_nll)" Zj’;l j™ and this is classically
divergent for all indexes n € Z>o. However this is easily resolved by adopting a
generalised geometric Césaro framework. Then, as we saw in [I], this coeflicient
series converges in a generalised Césaro sense to (_nl,)n (—n), which gives us the
correct coefficient for z™ to match the power series for f(z) in equation 5 for
all n € Z>¢. This looks very promising, and indeed has the virtue of showing
naturally the connection of the coefficients in equation 5 to the non-positive
integer values of ¢, which had formerly been somewhat surprising.

(ii) The second issue, however, seems harder to resolve. It is that equation
5 also has a term % and this is entirely missing in the array approach as it
stands. Nor is it obvious at first glance how it could possibly be recovered, since
there are no terms at height —1 in our array to even sum up to get %

A Césaro array: The way to resolve this difficulty and to get the full, correct
power series expression 5 from our array approach, is to treat it as a "Césaro
array" and conduct the Césaro treatment of the divergent horizontal coefficient
sums at each height more carefully.

Specifically, letting X = k + « as usual, we have from results 2 and 3 that
the p-sum function, s, (X), for the coefficient of z™ at height n is given by

(_l)n Xn+1 N (_1)n
nl n+1 n!

(=n"
sn(X) = ((=n) — Rp[X] (6)
where P"T1[R,](X) — 0 classically as X — oco. Applying our generalised
Césaro framework, we could now proceed in either of two ways.

One way is to treat the expression at each height as a single quantity and so

to include a factor (Z—ﬁ) (P — %) at each height n in order to annihilate the

X"+ divergence, along with the power P"*! required to render the R, (X) term
classically convergent to 0. This would lead us to apply a regular polynomial

qn(P) = (Z—ﬁ) (P — %4—2) - P"*1 at height n, which would leave us with just

the term (7”1!)” ¢(—n) as the coefficient in the limit as X — oo.

But, as noted, while this would give the correct coefficient for each non-
negative power of z, it would leave us without the required % term in the
overall power series. Furthermore, since ultimately we need to handle the
series at all heights in our array simultaneously, it would require us to use
not merely a regular polynomial ¢(P) for the whole array, but rather some
much more complex function of the operator P, and one containing the product




o (22) (P - k).

Since the roots in this product have an accumulation point at 0, it is ex-
tremely unclear how we could make sense of any well-defined regular operator
containing such a product?; and indeed it is not hard to see that finding such an
operator is impossible since it would imply that any classically convergent entire
function g(X) := Z;io a; X7 would have to converge to limit ag as X — oo and
we know that this is not the case (consider e.g. g(X) = e~X).

As such, while it is undoubtedly interesting to contemplate classes of regular
operators, ¢(P), more complex than simply regular polynomials, this is not the
right approach to adopt in this instance to get our desired outcome from this
array.

Instead we need to adopt the second, subtler way of proceeding, which is as
follows. Rather than treating the entire expression for s, (X) as a single entity,
we instead split it into two components.

The first of these combines the terms { (Cia ¢(—n) — %RH[X]}Z” and
these continue to converge in a generalised Cesaro sense to the correct degree-n
term in 5 for each n € Z>o - namely (G 1) ¢(—n)z™ - via a pure power of P,
namely P+,

The second component consists simply of the single strongly-divergent term,
( n,)n )fL :1: z". These terms we do not now annihilate at each height. Rather, we
leave them out of the final convergence step in each horizontal Césaro treatment,
and instead re-combine just these pieces in their own vertical sum. In this case
we get

T Gt DL o~ D™ e Ly
T; (n+1)! : z:: (n + 1)! : z fe }

Since, for any given z with Re(z) > 0, we have Re(Xz) — 0o as X — 00, so
this combined piece is no longer divergent, and in fact converges classically to
i. It thus gives us precisely the additional term required, when combined with
the power series terms from the first components above, in order to replicate
equation 5.

This "Césaro array" approach thus successfully discovers the correct power
series expression for f(z) as z — 07 in this example.

Comment: We have glided over one point in the above Césaro array treat-
ment which warrants a little elaboration.

We no longer seek to Césaro-annihilate the strongly divergent piece (_nl!)n )fl Tll
at each level n, and we thus avoid the difficulties in combining infinitely many

factors ("*2) (P — +=5) discussed earlier. However the residual Césaro treat-

ment of the first-component pieces in the n** horizontal p-sum still requires the
application of the pure power P™t! - and since n is unbounded, this means there

2in particular, the overall coefficient in front of the factors in P will approach oo as we
move through the heights n and include each new factor into the product




is no single finite power PV which will suffice to handle the Césaro treatment
of all the horizontal p-sums simultaneously.

Nevertheless, we would argue that application of the pure averaging operator
P always acts to moderate divergences and render them "more convergent". As
such it is at least plausible to suppose that doing "termwise" Césaro calculations
at each height should be permissible as long as this only requires higher and
higher pure powers of P (i.e. via strongly Césaro asymptotic relations at each
level), rather than involving new factors of the form 25 (P — \) at each stage.

In any case, this philosophy appears to work in this instance and so we shall
take it as defining the general methodology of Césaro arrays as a tool for discov-
ering power series expansions. In the third paper in this set, we will justify this
heuristic reasoning in a broad class of cases, and comment further on this issue
generally. For now, however, we remain focussed solely on utility of application
- and so we conclude this discussion now with a clean summary of the precise
steps which we define as constituting Césaro array analysis.

Summary of the Césaro array methodology: For a function which is
given by a sum of other, building-block functions, we:

(a) Place each summand function suitably geometrically along the z-axis;

(b) Then expand each summand function as a power series vertically (in the
y-direction) with corresponding powers for each summand placed at the same
height; these power series could be convergent or asymptotic, and could be
around 0 or co or any other chosen point of interest;

(c) Then reverse the order of summation and use results 1 - 3 (or some similar
generalised geometric Césaro result) to express the p-sum to X = k + « of each
horizontal sum at height n (i.e. for order 2™) as a sum of two components. The
first component consists of the generalised Césaro limit for the p-sum at that
height, plus a residual piece which is Césaro-convergent to zero via some pure
power of P. The second component consists of a finite sum of eigenfunctions
and generalised eigenfunctions of P with eigenvalues not equal to 1 (i.e. some
linear combination of powers, X, and power-log functions, X?(In(X))™, with

p #0);

(d) Then, working independently at each height n, apply the required power of
P to make the first component converge to its Césaro limit, leaving a contribu-
tion of order z" to the final sum at this height;

(e) On the other hand, leave second-component pieces at each height out of
this termwise Césaro analysis. Collect these components from all the different
levels separately and try to sum them vertically to obtain a combined function
which is either classically convergent or else convergent in a generalised Césaro
sense as X — oo via a simple, regular polynomial ¢(P) - and hence deduce an
overall contribution from these components on letting X — oo for a given z;



(f) Finally, combine the contributions from the second-component pieces in
(e) with the first-component contributions at each level in (d), to obtain a final
overall power series representation for the original sum function. Note that this
power series representation may be convergent or it may be only asymptotic
(with zero radius of convergence), and it applies for z approaching the point
around which the expansions of the summand-functions were all taken.

Having laid out the methodology of Césaro arrays in this fashion, let us now
test whether it continues to work in other interesting cases.

2.2 Thecaseof H(z) =3 7" e~ _ testing the method
of Césaro arrays

. [e'e) — 22 . . .
Let us consider the case of H(z) := > ;~ e ™" * and in particular its asymp-
totic behaviour as z — 07. To simplify things and avoid bi-directional sums, we

will in fact consider instead H(z) := % + Z;’il e~™"2* but since it is obvious

2
that H(z) = 1H(z) so results for H and H are interchangeable.
Unlike the case of f(z) = Z;’il e~9% considered in the previous section,

there is no simple way of deriving the power series expansion for H(z) analogous
to our use of geometric progressions to understand f(z), and elementary means
seem unequal to the task. The way this asymptotic behaviour for z — 0" has
traditionally been derived in the literature is instead by indirect and rather
advanced means.

Specifically, by using the fact that the function e™™*" is essentially a fixed-
point of the Fourier transform operator, and combining this with the Poisson
summation formula, it is first shown® that H(z) (and so also H(z)) satisfies the
astonishingly simple functional equation that

H(z) = %H C) or equivalently H(z) = %H (i) : (7)

7T22

Now it is clear immediately from its definition that, as z — oo, we have
H(z) =14 8x(2) (8)

where the notation S (z) denotes the set of Schwartzian functions near oo, i.e.
the set of functions which decay, and all of whose derivatives decay, faster than
any power of z as z — oo; and equation 8 means that H(z) — 1 is Schwartzian
as z — 0.

It therefore follows from the functional equation 7 that H(z) has a surpris-
ingly simple? asymptotic power series expansion for z near 0, namely that

H(z)z%—i—So(z) as z— 07T (9)

3see e.g. [4, section 10.4]

4Both the fact that H has such a simple singularity at 0 and the fact that it has no other
terms (i.e. no power series terms of degree zero or higher, despite the smoothness of all its
building-block functions near 0) is surprising, at least to this author!



or equivalently that

~ 11
H(z)zif—&—&)(z) as z— 07 . (10)
z
Césaro array derivation: Let us now instead consider the behaviour of H (2)
as z — 0% using Césaro arrays and see if we can deduce this power series for
H(z) as z — 07 directly, without needing to know its functional equation.
The Césaro array for H(z) is as shown in Figure 2.
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Using results 2-3 we see that, at height 0, the p-sum function is given by

1
30(X) = X + 5 +¢(0) — Ro(X) ()
while for height n = 2I, | € Z~(, the p-sum function is given by
(71)l ; X21+1 ol
X)= —20) — X . 12
sulX) = bt § S g2 — Ra(X) | - (12

Since 3 4 ¢(0) = 0 and ((—2l) = 0 for all | € Zs, while the Ry (X) all
converge to 0 under the pure power P?*! for | € Z>, it follows that our first-
component pieces at each height contribute nothing to the final power series for
H(z) near 0, and this explains naturally the previously surprising fact that this
power series has no terms of non-negative order. As for the second-component

. —1)! 2041 . . .
pieces, u) ! X 2%, these combine vertically to give us the sum

X 1)\l 20+1 Xz N
EZ( l'l) 7rl (X2) = l/ e ™ du. (13)
ze= 0

20+ 1 z



Since for any glven z € Ry we have that Xz — oo as X — oo while also
fo e~ ™ du = 7, it follows that this sum converges classically to % 55 Las X — oc.

Combining our contributions from these two components, we thus recover
exactly the correct power series expansion, equation 10, for H (z) as z — OF
using our Césaro array methodology.

The method of Césaro arrays is thus again successful - it allows us to dis-
cover this power series expansion giving the asymptotic behaviour of H near 0
by simple direct means, without having first to deduce the functional equation
7 or apply other advanced methods. Before leaving this example, we note a few
additional points.

Observations: (a) Note that this example illustrates a key point not obvi-
ous from our first example. This is that the method of Césaro arrays can only
ever tie down a function’s asymptotic behaviour near a point (be that 0, co or
somewhere in between) modulo Schwartzian functions near that point. This is
because the Césaro array approach calculates a power series for the sum function
in a neighbourhood of that point, and Schwartzian functions consist of precisely
those functions whose decay near the chosen point is too rapid to be captured
by a power series. Why exactly the Césaro array method captured an exact
power series for the sum function in the case of f(z) := Z;‘;l e~7%, while only

capturing a power series for H(z) modulo Sy(z), is not a-priori clear. However,
we will return to explain this in our final paper in this set.

(b) In this example, consider the Taylor series of each summand eI =

S, S 1)l 7l 221 In the third of our introductory papers (IIT) on generalised
geometrlc Césaro methods, we introduced the concept of a coefficient "fabric"
parametrised by a complex variable s, under which the coefficients of 2™ in a
power series lie embedded at the relevant integer points corresponding to the
indices s = n.

In this case, the coefficients of the Taylor series for e~™"2* can be thought

of as embedded in the coefficient fabric given by < T cos(% ngz j® and we can think

of the Taylor series as being a complete power series extension to all powers 2",
—00 < n < 00, but with coefficients which are zero for all s = n odd (because
then cos(%’) = 0), and also for all s = n a negative even integer (since then
I'(5 + 1) is singular).

Thought of this way, we can heuristically derive the overall %% term in
the power series for H(z) via limiting calculations of the sort we undertook
repeatedly in (IIT), rather than by sequestering and then vertically summing
the strongly divergent eigenfunction divergences at each level in our array as

per our stated Césaro array methodology given earlier.
os (%

1"( 1

izontal sum at height —1 involves Y o7 =1 l.. This is Césaro-singular, since its

p-sum involves a log-divergence, and this singularity offsets the zero coefficient.

Specifically, while the coefficient ;wz is zero at s = n = —1, the hor-

10



Being more precise, we would evaluate the coefficient of z~! at height —1 as

m(=l+ey o —m L Ty
im 7CO(SE1+E)2 ) e ~Zj*1+5 = lim 7608( 2 1+ 2 )7r71 C(1—¢)
0 p(EAtd ) ~ €0 I'(3)
. .. ,TE
= ;ll_r}r(l)sm(?) <—+’7+O(e))
_ 1
2

so that, up to a sign issue, we would get the correct contribution of %% to the
power series for H(z) near 0.

This sign error can in fact be resolved (by utilising what physicists would call
a "gauge-freedom" in our fabric definition) and this thus represents an intriguing
alternative approach to deriving power series for sum-functions from arrays. As
also discussed in [ITI], this use of fabrics and extension of power series "to the
left" or "to the right" beyond their usual index-range is something to which we
will return at length in a future set of papers on "Taylor series to the left".

For now, however, note that it is not part of Césaro array methodology as we
have defined it above for this series of papers, and it would leave open the ques-
tion of rigourisation even more profoundly than our stated methodology does,
since rendering the horizontal series at each height Césaro convergent would
entail including also the problematic collection of factors (Z—ﬁ)(P - %H) with
an accumulation point, which we discussed above.

(c) If we consider a slight variation H,,(z) := 14 Zj’;l e~ then it
is trivial to see (either by change of variables or a repetition of our Césaro
array analysis) that we still have H,,(z) = 1+ 8x(z) as z = oo, but now
H,(2) = 3 4+ So(z) as z — 0. The functions H,,(2), m € Zsq - along with
their products with pure powers, 2”, and together with other possible variants
like H,, x(2) == 3+ Py e=™**=*" _ thus give a useful tool-chest of functions
which might be used to represent a given function (up to Sy and S..), based on
a knowledge of its asymptotic power-series behaviour near z = 0 and z = co.

2.3 The case of f(z):= 1 - an interesting aside re Césaro
arrays

Before we turn to our last (and first wholly new) example showing the utility
of the method of Césaro arrays, we turn briefly to consider an aside. As in our
first example, this again involves a function which does not need Césaro array
analysis, but which is thus ideally suited as a demonstration case to illustrate
an interesting point about the Césaro array framework.

Consider the function f(z) := % Obviously its asymptotic behaviour near
0 or oo does not need discovery! Nonetheless, it is interesting to write

1 1

E:m:1—|—(1—x)—|—(1—33)2—|—...:R+70[(1—x)§](0) (14)
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for x near 0 and consider the resulting Césaro array - see Figure 3.
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Writing X = k + « as usual and letting s,,(X) be the p-sum function at height
n (i.e. at degree z™), we see that at height 0 the p-sum function is given by
so(X) =k+1=(*11); at height 1 it is s1(X) = —{>F_, ())}z = —("}")z; at
height 2 it is s2(X) = {E?Zl (J)}2? = (*1") 2% and in general at height n it is

sn(X) = zk:(_n”(i) x":(—l)"(zii)m". (15)

j=1

Attempting a continuous Césaro array treatment: If we try to apply
our continuous Césaro array framework as before then, recalling from [I] that
Climx ookt = G,
expansion of the form £ + o + 3;a? + 2%2% + ..., Thus the contribution
from our second-component divergent pieces, on being combined and summed
vertically, will need not only to supply our missing % term, but also to cancel off
all of these non-negative powers of x. It is not obvious how this might transpire
if we proceed as in our first two examples, since the second-component pieces at
heights 0,1,2,3... are X, —1 X2z, {1 X3 — 1X?}a?, —{L X' - 1 X3+ 1 X?}a?
and so forth, and it is not at all clear how these combine in the required way.
There is in fact a way to make sense of this vertical sum and so resolve
the continuous Césaro array calculation in the way just outlined. However,
like the recent digression into coefficient fabrics, it takes us in a new direction,

involving a slightly different approach to the second-component calculations in

we see that our first-component pieces give rise to an

12



our continuous Césaro array methodology. As such, we will defer this approach
for just a moment - to the end of this section - so as to first outline an easier
approach.

This easier way to resolve this example, while staying within our stated
Césaro array methodology, is to recall that the Césaro framework includes not
just a continuous approach for p-sum functions, but also a discrete approach for
p-sum sequences, and it is this discrete approach which is much better adapted
to the present problem.

A discrete Césaro array treatment: As outlined in [I], if we let Pp be the

discrete Césaro operator on sequences {a;}32_; given by Pp[{a}]x = 145 25271 a;
k+1
n+1
of Pp (with eigenvalue <) for all n € Zx.?

Thus, if we instead work in the discrete Césaro context for this Césaro ar-
ray, we immediately get zero as the limit at each horizontal level from first-
component pieces (since these pieces are all identically zero!). This leaves only
the direct vertical re-combination of the divergent second-component eigense-
quences, which gives

then our p-sum sequences s, = (—1)" (7 7])a™ are in fact exact eigensequences

T
_ _% {(1—2) 1) < % (16)

since for 0 < z < 1, (1 — z)**! — 0 classically as k — oo.

We thus do recover % from the Césaro array approach in this instance, but
we see that in this case the computation is vastly simplified by moving from the
continuous to the discrete Césaro setting.

Fixing the continuous Césaro array treatment: To conclude this demon-

stration example, let us briefly return and outline how the continuous Césaro

array calculation could have been made to work. Recall the result noted earlier

from [I] (proven in [III]) that in the continuous Césaro framework we have
(=D"

Climx oo k™ = o forall neZsy |, (17)

which can be re-expressed as
0
Climx_oo k™ = / k" dk for all n € Zxo. (18)
-1
This led to the first-component pieces giving a contribution % + 1—1256 + ixz +

19 .3
756L + ...

5The minor tweak to index our sequences starting at j = —1 is a trivial adjustment in
order to arrange that sequences (k‘l"l) are our exact eigensequences of Pp, as adapted to this

problem, rather than ('f) or (kjl) etc.
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Rather than express the second component-pieces in terms of X as we began

doing before, however, let us instead therefore take the second-component pieces
as (—1)" {(:ﬂ) - () dk‘} o™ at each height n. Performing the vertical
sum of these pieces as before, we thus obtain their contribution as

- {(1—95)’““ _1) +i/0 {(1_x)k+1 —1} dk

11 [[@—a)++17°
T ) i 1
x+x{{ln(1—x) 1 +o(l)
1 1( (1-2) 1
= 4= - 1 1
x+x{ln(1—x) In(1 —z) }+0()
— B as k— o0
In(1 —x) '
An elementary expansion using that In(1 — z) = —2 — 12% — 123 — ... then
shows that fm = % — % — %x — ixQ — %x?’ —.... Thus, when combined

with the contribution from the first-component pieces, we get cancellation of all
the non-negative powers of x and are left with just %, as desired.

We have thus shown that the continuous version of the Césaro array approach
does work even here, albeit it is more convoluted than the corresponding discrete
version. The above calculation has still been worth expounding, however, as an
example showing that it is sometimes better to leave the second-component
pieces at each height in terms of the discrete variable k rather than in terms of
X as in the previous examples, and then to invoke the results 17 and 18 from
papers [I] and [III].

2.4 A final - and new - example

There are many further instances where Césaro arrays are useful in deducing
the asymptotic behaviour of sum functions near points of interest and where
alternative methods are not readily apparent. In particular, in our next paper
we will use them to deduce much of the singularity structure of H(z) on the
boundary of its domain of convergence, while in a future paper we shall con-
sider them in the context of understanding the behaviour of the argument of
the Riemann zeta function, S(T), on the critical line s = 1 +it. For now, how-
ever, we conclude this paper with just one further example - the first completely
new one considered so far. It illustrates some further interesting aspects of the
methodology, but requires a little background.

Background: In [4, section 10.5 (pages 222 and 223)], as part of his dis-
cussion of Ramanujan’s formula (much more on that in a future set of papers),
the author considers the function f(z) defined formally by the power series

f@) = Bjpaad = (1) (j + 1)¢(—j)a’ (19)
=0 J=0
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and the associated integral [;°z~* {Z;’;O(—l)j(j + 1)@(—]‘):#} dx, which he
shows should formally equal (—s)!s!I{(1 — s).

Now the power series defining f(x) is divergent for all  # 0, so that this
integral as written is not in fact well-defined and the claimed identity is only
formal. But by various clever algebraic manipulations it is shown that it can

be transformed and rendered meaningful as the following equivalent integral

identity:
< I'(y +1) } ™
s _ dy = 20
[ fme - T b = e (20)
which is classically well-defined and true for all 0 < Re(s) < 1 (per [5, formula
2.9.2)).

At no point in the working, however, is a direct meaning derived for the
original function f(z) defined by the problematic power series Z;’;O(—l)j (j+
1)¢(—j)x’. Now, using alternative means we can in fact deduce a prospective
form for f(x) from this power series, namely

f(x)lJer(jm_l'_l)Q. (21)

The derivation of this prospective explicit form from the given asymptotic power
series involves using the idea of extending power series "to the left" outside their
normal index-range - an idea which we have touched on in [III] and also earlier
in this paper, and which is part of a much broader set of ideas that we will
return to in a future set of papers. We do not elaborate on it here, however.

Instead we simply note that the function g(z) := —1 + Py m is a
well-defined function for all 2 € (0,00) and we devote the rest of this section
to showing, using Césaro arrays, that g(z) is a function with the desired power
series expansion for z near 0, so that g(z) is in fact the correct form for f(z) as
claimed.

Césaro array treatment for g(z): For any given j, as * — 07, we have
the Taylor series expansion

1
=12z +3j%2% — 4% + ... 22
ot 12 j J J (22)
Thus, placing each of these summand series vertically at j, we get the Césaro
array shown in Figure 4 on the next page for Z?‘;l m
At each height n (i.e. degree z™) it follows directly from results 2-3 that the
p-sum function s, (X) is given by

n+1

n(X) = (“1)"(n + 1) {

Thus, taking Césaro limits by applying a sufficiently high power of P at each
level, we get a contribution from first-component pieces consisting of

C(0) — 2¢(=1)z + 3¢(—2)x? — 4¢(=3)x3 + ... (24)

1 +¢(—n) —Rn(X)}x" . (23)
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while the divergent second-component pieces (the X"*! terms) combine verti-
cally to give

X - X2z + X322 - X423 ... (25)
(*1)“(n1+ 1-1n (*1)"(?+ 1)-3n (—1)(n+1) -5
2,’.Y"l.
_I n . I . .
—1)*(n+1)-27
3
'/E_I 3 . . 3 .
—4.1% —4.2%8 1.3 —1. 53
'/Iil 2 L] L . .
3-12 3.22 3.3 3 - 52
gil 1 . . 3 .
-2 —4 —6 —2j
20 1 1 1 1
—l 0 1 2 3 i

Given any x € Ry then, taking X sufficiently small initially, this latter sum

converges to % (zf()_(‘_l

that the second-component contribution becomes

lim1< xX)zl. (26)

X—ocox \zX +1 T

; in this expression we may then let X — oo and deduce

Combining our contributions from 24 and 26 we thus get from our Césaro array
analysis that

: = —+ > (-1 + 1)¢(=h)a’ (27)
= (]x +1)2 T =
and thus the power series for g(x) near 0 is given by
= (=17 + 1)¢(—g)a? . (28)
7=0

Since this coincides with the asymptotic power series we started with for f(x)
it follows that (up to Sp), g(x) does indeed give a correct functional form for
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f(z). Thus the function formally defined by Edwards via the asymptotic power
series in equation 19, but never actually identified in [4], is in fact given by

1 1
flz) = ”+;W+so(x). (29)

We see that this gives us another example showing the value® of our new
Césaro array methodology in allowing us to understand the power series be-
haviour of sum functions from an understanding of the power series behaviour
of the summands. It also nicely illustrates that this methodology continues to
apply even where the resulting power series is merely an asymptotic series, with
radius of convergence 0.
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