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Abstract

Like the creeper that girdles the tree trunk
It winds around , subtle and deft ;

For its terms march away to the rightwards
But they also creep off to the left!

This is the �rst in a set of papers concerning basic power series, start-
ing with the subject of the above poem, the Taylor-McLaurin series. We
introduce the notion of "Taylor series to the left" and use it to derive
new approaches and, surprisingly, new results in many elementary areas
in mathematics. These include elementary integration, the asymptotic
behaviour of functions, local-to-global inference, Mellin transforms, and
calculation involving formal symbols. In all cases, we show that the natu-
ral context for these ideas involves their extension from the realm of clas-
sical convergence to the generalised geometric Césaro framework, with
associated simpli�cations and insights. In this �rst paper we introduce
the concept of Taylor series to the left heuristically and we consider many
examples showing their initial application to the calculation of de�nite
integrals of the form

�∞
0

f(x) dx and, in turn, to other related de�nite
integrals. While the discussion begins heuristically, we end up deriving
results which make it well-founded. As a natural part of this work we
begin discussion of key related questions - namely gauge-freedom and
gauge-invariance; local-to-global inference and asymptotic behaviour of
functions; and generalised Césaro extension and the associated concepts
of Taylor/Mellin transform. All of these will become central concerns in
the succeeding papers.

1 Introductory comments regarding this set of

papers

The topics considered in this set of papers are all elementary. Indeed they start
from a high-school level treatment of Taylor-McLaurin series and for the most
part move only to aspects of one-variable complex analysis, power series and
Mellin transforms which are still generally introductory - albeit that there are
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occasional forays into areas (for example, work related to Ramanujan's so-called
"master theorem") which are more specialised.

Nonetheless, despite this focus on basics, we emphasise at the outset that
we believe every paper in the set contains genuinely new results - either new
perspectives on long-established results; or new ways of viewing and applying
existing results; or extensions of existing results to new settings; or completely
new results altogether!

In light of this unusual mixture of elementary and new; of basic ideas and
alternative perspectives; and of familiar and novel - we start our discussion of
each new topic by adopting a perspective of "moral mathematics". That is to
say, we try �rst to explain what morally ought to be true, and what the heuristic
motivation of each idea is, and then move next to exploring examples as a way
to test and re�ne these ideas.1 Nonetheless, over the course of the full set of
papers, we do resolve these initially loose ideas into tighter propositions and
results, supported by rigorous proofs.

1.1 Detailed introduction to this paper

In this �rst paper in the series, we introduce the notion of "Taylor series to the
left" as a natural extension of the usual Taylor series of a function, f(x), at
x = 0.2

Doing so naturally entails embedding the Taylor-coe�cient set within a con-
tinuous "fabric" - in other words, as the values at the non-negative integer

points of a Taylor-coe�cient function,
∨
f(s), of a continuous variable s - and

hence extending leftwards to negative integer values.
We explain heuristically why the �rst new such Taylor coe�cient on the

left should relate to
�∞
0

f(x) dx, and why further-left coe�cients should in turn
relate to higher iterated integrals of f . By working in moral terms - in a way
that takes seriously the coe�cient function at general s, not just at integer
values - we then derive an explicit formula giving

�∞
0

f(x) dx in terms of the

single derivative value
∨
f ′(−1).

Of course, going from the known Taylor coe�cient-set at n ∈ Z≥0, to a
Taylor coe�cient function of a continuous variable s ∈ R (or indeed s ∈ C) is not
a uniquely well-de�ned process. There is what physicists would characterise as
gauge-freedom in doing so. Thus questions of identifying a canonical choice and
of guaranteeing the gauge-invariance of quantities like

�∞
0

f(x) dx, independent
of the gauge-choice of coe�cient function, become relevant.

In many cases, however, there is a relatively natural way of de�ning
∨
f(s), and

the resulting approach to the calculation of
�∞
0

f(x) dx as merely the derivative

1This is consistent with our preference in all our previous sets of papers for prioritising

elegance and utility over dry theorem-lemma-proof exposition, and for ensuring we do not get

bogged down by technical rigour and formalism too early in the development of ideas and

methods.
2Perhaps the terminology should refer to McLaurin rather than Taylor, but for the author

the die is cast and it is too late to retreat back across this terminological Rubicon!
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value
∨
f ′(−1) often seems (at least to the author) both unexpected and surpris-

ingly simple - a way of calculating an integral without using anything resembling
traditional integration techniques! We illustrate this with a variety of examples,
and we use some minor stumbles along the way to explore these gauge-questions
and to re�ne our pursuit of a canonical approach to passing from coe�cient set
to fabric.

Additionally, some of the later examples point towards a number of exten-

sions. First, they indicate that the relationship between
�∞
0

f(x)dx and
∨
f ′(−1)

continues to hold in a generalised Césaro setting, where
�∞
0

f(x) dx is not clas-
sically well-de�ned but does exist as a generalised Césaro integral.

Secondly they indicate that this relationship continues to hold even where
the radius of convergence of the Taylor series near 0 is itself zero - so that this
series is a power series giving the asymptotic expansion for f near 0, but is not
actually convergent at any x.

To go further, we then consider the behaviour of coe�cient functions under
elementary operations, in particular the multiplication of the original function
by a power of x. This leads directly to the question of evaluating Mellin trans-
forms, M[f ](s) :=

�∞
0

xs−1f(x) dx.
By using the progress made in our examples, we show that we can in fact

bootstrap from our relationship between
�∞
0

f(x) dx and
∨
f ′(−1), to a general

formula relating the Mellin transform of f , M[f ](s), and its Taylor coe�cient

function,
∨
f(s), for arbitrary s. Inverting this relationship in turn gives us the

rigorous canonical way of de�ning
∨
f(s) which we have been seeking - in terms

of the Mellin transform. Under this canonical choice, the gauge-questions which
have arisen previously, and their associated questions regarding sign-issues in
evaluating gauge-invariant quantities like

�∞
0

f(x) dx, are all resolved.
We conclude with some re�ections on remaining open issues and some straight-

forward extensions that allow these simple techniques (of what might be called
"integrating by di�erentiating without using any normal integration techniques")
to be extended from the case of

�∞
0

f(x) dx to other de�nite integrals, like�∞
a

f(x) dx and
� b

a
f(x)dx for arbitrary a and b.

1.2 Brief roadmap to the subsequent papers within this

set

Sketching now very brie�y what is covered in the remaining papers in this set,
the second paper ([XII]) is short. It explores another aspect of Taylor series to
the left - namely their relationship to the asymptotic behaviour of f near ∞.
We consider various examples, thereby formulate a precise claim, and discuss
the surprising local-to-global implications of this claim.

In the third paper ([XIII]) we then consider how to place the content of these
�rst two papers within the unifying context of a natural "Taylor transform". We
show that this can be done, provided we move to work within the generalised
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Césaro framework. There we are able to introduce a generalised Césaro inner
product from which the desired Taylor transform arises naturally.

But it is then readily shown that this Taylor transform is essentially just the
familiar Mellin transform provided f is su�ciently well-behaved.

It follows from all this that generalised Césaro convergence, not classical
convergence, is in fact the right framework within which to apply the Mellin
transform. We show that, when this is done, not only is its domain of applicabil-
ity greatly increased, but many of the technicalities which beset the traditional
treatment of Mellin transforms - such as those regarding s-strip restrictions on
its inversion - disappear.

There are, moreover, other bene�ts. The calculation of Mellin transforms
by the sort of bootstrapping methods introduced in this paper ([XI]) become
possible, and we further extend such methods by stretching our storehouse of

techniques for directly constructing the canonical form of
∨
f(s).

The connection of Taylor-coe�cient functions and Mellin transforms to power
series expansions for f near 0 and ∞ also becomes natural and easy to intuit.
Indeed, we are readily able to convert our conjectural claim from [XII] into a

�rm result relating
∨
f(s) at integer-values s = m to the di�erence between the

coe�cient of xm in the power series for f near x = 0 and its coe�cient in the
power series for f near x = ∞. As we discuss at the end of this paper, this
is very closely related to Ramanujan's so-called "master-theorem", but both
places it in a broader generalised Césaro context and resolves it rigorously into
a single result simultaneously encapsulating the behaviour of f near x = 0 and
its asymptotic behaviour as x → ∞.

The fourth paper in the set ([XIV]) is then very short and shows the capacity
of these results on Taylor series to the left to facilitate radical local-to-global
deduction of asymptotic behaviour as x → ∞ purely from local examination
of a function in an in�nitesimally small neighbourhood of 0 - that is, to see to
the edge of the universe with a microscope! It does so in a clearly interesting
and non-trivial instance - and one where the extension to the generalised Césaro
framework is essential.

Finally, the �fth and last paper in the set ([XV]) considers a miscellaneous
assortment of further applications of these ideas.

First we consider the application of the Taylor-series-to-the-left theory we
have developed to the case where the underlying function is a p-sum function.
Such cases are of great interest in analytic number theory in general and in
the theory of the Riemann zeta function in particular, and we start with an
example which shows the depth of the connection of these ideas to generalised
Césaro theory and which emphatically con�rms the correctness of viewing the
generalised Césaro framework as the right framework within which to consider
them. We then consider other examples which show the utility of Taylor-series-
to-the-left methods in carrying out such p-sum Mellin transform calculations,
and illustrate the new implications which they give rise to about the asymptotic
behaviour of these p-sums.

Next we show additional examples evaluating certain de�nite integrals by

4



Taylor-series-to-the-left methods, which would otherwise be very di�cult to
calculate by traditional methods. These include a wholly new result (at least one
the author can't �nd in Gradshteyn and Ryzhik! [GR]) evaluating

�∞
0

e−p(x) dx
for an arbitrary polynomial p(x) of any degree with positive leading coe�cient.

After this we consider Césaro extension to integrals with poles on the con-
tour of integration, and connect di�erent possible contour-amended evaluations
of these to di�erent gauge-choices. Lest we become overly complacent, how-
ever, we also discuss limitations which remain, and which mean that the use of
Taylor series to the left does not act as a panacea - giving examples to show
that

�∞
0

f(x) dx still remains intractable even for some very simple and natural
functions f .

Finally, we consider the behaviour of TLA-coe�cient functions under com-
plex underlying operations - the search for a so-called "calculus" of TLA-coe�cient
functions - and in particular whether progress can be made by utilising the con-
cepts of formal symbols and formal function elements introduced in [III] and
applying combinatorial and algebraic methods. In general we �nd that, while
some progress can be made, it is far from straightforward and involves further
subtleties regarding the order of combination of such symbols - and how this
relates to the interpretation of power series asymptotics near 0 and near ∞ -
which are both challenging and interesting.

We conclude with a brief collection of wild speculations regarding issues of
interest and next avenues to explore.

1.3 Final notes

As the poem at the start of the abstract hints, throughout this set of papers
there will be occasional reference to the work of a variety of Kipling scholars from
the KIM (Ka�ristan Institute of Mathematics) with whom the author has had
the honour to collaborate. In particular, the author appreciates many valuable
personal communications from such scholars as Peachy Carnahan and Daniel
Dravot; Purun Das; Danny Deever; Morowbie Jukes and myriad others.

2 Taylor series to the left

Suppose f : R → R is a smooth function, in all respects as well-behaved as may
be needed, and in particular decaying su�ciently fast as x → ∞ that

�∞
0

f(x) dx
is classically well-de�ned. Then the Taylor series for f near x = 0 is given by

∞∑
j=0

f (j)(0)

j!
xj = f(0) + f ′(0)x+

f ′′(0)

2!
x2 +

f ′′′(0)

3!
x3 + . . . (1)

with some radius of convergence, R, and for −R < x < R this Taylor series
is classically convergent to f(x). In this formulation the Taylor series indices
j = 0, 1, 2, . . . extend only o� in the rightwards direction.

5



If we were to formally extend left to j = −1,−2, . . . we would get the addi-
tional terms

f (−1)(0)

(−1)!

1

x
+

f (−2)(0)

(−2)!

1

x2
+

f (−3)(0)

(−3)!

1

x3
+ . . . . (2)

These make up what we shall call loosely the "Taylor series to the left" for f at
0. The �rst order of business is to make sense of what these terms might mean.

Well, since each increment by 1 in j for j ≥ 0 corresponds to taking one extra
derivative of f before evaluating at 0, so each decrement by 1 in j for j < 0
should correspond to taking one further anti-derivative of f before evaluating
at 0. Since F (x) :=

�∞
x

f(t) dt is the negative of an anti-derivative of f , and
since this is the only natural de�nition of such an anti-derivative which doesn't
involve making an arbitrary choice of �nite integration limit, it follows that
morally, f (−1)(0) should be given by

f (−1)(0) := −
� ∞

0

f(x) dx . (3)

In the same way, if we let {Fn(x)}∞n=0 be the sequence of iterated inde�nite
integrals given by

F0(x) := f(x) and Fn+1(x) :=

� ∞

x

Fn(t) dt for all n ∈ Z≥0 (4)

then we should have

f (−n)(x) = (−1)nFn(x) and thus f (−n)(0) = (−1)nFn(0) for all n ∈ Z≥0 .
(5)

As for the denominators in the terms in our Taylor series to the left, the
factorial function s! has simple poles at each of the negative integer points, so

for all n ∈ Z>0 we have (−n)! = ±∞. As a result, every coe�cient f(−n)(0)
(−n)! in

the Taylor series to the left is, in fact, zero! What to make of this?
Well, looking on the bright side, it's good news that including these extra

terms will not disturb the existing Taylor series expression, which already cor-
rectly converges to f(x) for −R < x < R. On the other hand, however, what is
the point of studying Taylor series to the left if they are always identically zero?

The answer is that, properly viewed, they are not just a discrete set of

identically zero terms. Speci�cally, let us extend the Taylor coe�cients, f(j)(0)
j! ,

from being just a sequence indexed by j ∈ Z to a function, which we denote by
∨
f(s), de�ned for all s ∈ R and coinciding with the given values for s = j ∈ Z.

We call
∨
f(s) the Taylor coe�cient function of f and it should then, morally, be

given by something like
∨
f(s) =

(
d
dx

)s
[f ] (0)

s!
. (6)

Viewed this way, we still have
∨
f(−1) = 0 =

∨
f(−2) =

∨
f(−3) = . . ., but the

behaviour of the Taylor coe�cient function in the vicinity of the negative integer
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points now becomes interesting! We could try to investigate this behaviour based
on equation 6 using fractional calculus or Fourier theory to try to make sense
of the numerator (as we did for root identities in the previous suite of papers),
but instead it will be better to follow our nose and to work for now in a much
more practical (and moral) fashion.

Assuming only that the numerator in equation 6 varies smoothly in s, then

for s = −1 + ϵ, ϵ small, we have that the numerator in
∨
f(−1 + ϵ) is given

by f (−1)(0) + O(ϵ) = −
�∞
0

f(x) dx + O(ϵ); while the denominator is given by

(−1 + ϵ)! = 1
ϵ + const+O(ϵ) and thus 1

(−1+ϵ)! = ϵ+O(ϵ2). It follows that

∨
f(−1 + ϵ) = −

{� ∞

0

f(x) dx

}
ϵ+O(ϵ2)

and since
∨
f(−1) = 0, so

∨
f ′(−1) = lim

ϵ→0

∨
f(−1 + ϵ)

ϵ
= −

� ∞

0

f(x) dx . (7)

Thus we have the following conjecture:

Conjecture 1: Suppose f is smooth and decays su�ciently fast as x → ∞
to be classically integrable on [0,∞). Then its Taylor coe�cient function

∨
f(s)

satis�es
∨
f(−1) = 0 and we have

� ∞

0

f(x) dx = −
∨
f ′(−1) = −lim

ϵ→0

∨
f(−1 + ϵ)

ϵ
. (8)

This conjecture can be extended to the left to the higher iterated integrals
of f . For any n ∈ Z>0, let g(x) = Fn(x) =

1
(−1)n f

(−n)(x) and assume that f is

smooth and decays su�ciently fast that
�∞
0

Fn(x) dx is classically well-de�ned,

so that
∨
g(−1) =

∨
f(−n− 1) = 0. Then, since 1

(−n−1+ϵ)! = (−1)n · n! · 1
(−1+ϵ)! +

O(ϵ2), it follows that

� ∞

0

Fn(x) dx =

� ∞

0

g(x)dx = −lim
ϵ→0

∨
g(−1 + ϵ)

ϵ

= −lim
ϵ→0

1

ϵ
·

{(
d
dx

)−1+ϵ
[g] (0)

(−1 + ϵ)!

}

= −lim
ϵ→0

1

ϵ
· 1

(−1)n
·

{(
d
dx

)−n−1+ϵ
[f ] (0)

(−n− 1 + ϵ)!

}
· 1

(−1)nn!

= − 1

n!
· lim
ϵ→0

∨
f(−n− 1 + ϵ)

ϵ
= − 1

n!
·
∨
f ′(−n− 1) .
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Thus the above conjecture can be extended as

Conjecture 2: Suppose f is smooth and decays su�ciently fast as x → ∞
that all of f(x), F1(x), . . . , Fn(x) are classically integrable on [0,∞). Then for

all 0 ≤ j ≤ n we have
∨
f(−j − 1) = 0 and

� ∞

0

Fj(x) dx = − 1

j!

∨
f ′(−j − 1) = − 1

j!
lim
ϵ→0

∨
f(−j − 1 + ϵ)

ϵ
. (9)

Alternatively, rather than considering iterated integrals of f , we could in-
stead extend to the left by considering functions of the form gn(x) := xnf(x).

Then immediately we should have
∨
gn(s) =

∨
f(s− n) and conjecture 1 implies

Conjecture 3: Suppose f is smooth and decays su�ciently fast as x → ∞
that all of f(x), g1(x), . . . , gn(x) are classically integrable on [0,∞). Then for

all 0 ≤ j ≤ n we have
∨
f(−j − 1) = 0 and

� ∞

0

gj(x)dx =

� ∞

0

xjf(x) dx = −
∨
f ′(−j − 1) = −lim

ϵ→0

∨
f(−j − 1 + ϵ)

ϵ
. (10)

Comments: (i) Under the decay conditions imposed in both, conjectures
2 and 3 are equivalent, since repeated integration by parts readily converts�∞
0

xjf(x) dx into the corresponding integral 1
j!

�∞
0

Fj(x) dx and vice-versa.

(ii) Conjectures 1-3 are at this stage very loose because we have not clari-

�ed in any detail how to pass from the discrete Taylor coe�cient set f(j)(0)
j! to

the continuous coe�cient function
∨
f(s), s ∈ R.

As noted, we could try to work from equation 6 via fractional calculus or
Fourier methods, but this turns out not to be the best way. Instead we look
to �nd a natural way to perform the extension, and in so doing to �nd a more

familiar way of de�ning
∨
f(s) canonically.

Approached this way, the problem of extension has what physicists would
recognise as the issue of gauge-freedom. For any given choice of extension,
∨
f(s), a seemingly equally good choice would be

∨
f(s) · ϕ(s) where ϕ(s) is any

smooth function satisfying ϕ(j) = 1 for all j ∈ Z (such as, for example, ϕ(s) =
cos(2πs)). Here ϕ(s) would be considered a gauge-transformation which leaves
the values of the extension-function unaltered at the integer points where the
Taylor coe�cient-set is already prescribed.

The task is to �nd, among all the possible gauge-equivalent choices, a canon-

ical "right" choice of Taylor coe�cient extension function to take as
∨
f(s), con-

sistent with conjectures 1-3. Here we are noting that results like formulae 8-10
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in conjectures 1-3 are not gauge-independent, since quantities like
�∞
0

f(x) dx

are well-de�ned independent of the gauge-choice of
∨
f , but the derivatives on the

RHS in these formulae are dependent on the gauge.

To �nd the "right" way to obtain a canonical Taylor coe�cient function
extension under which conjectures 1-3 will become theorems, we now focus on
conjecture 1 (since the others follow from it) and consider a number of simple
examples.

3 Example calculations

Example 1(a) [f(x) = e−x]: Here the Taylor series around 0, with R = ∞, is

e−x =
∑∞

j=0
(−1)j

j! xj , so
∨
f(m) = (−1)m

m! for m ∈ Z and it seems natural to take
∨
f(s) = cos(πs)

s! . Then

lim
ϵ→0

∨
f(−1 + ϵ)

ϵ
= lim

ϵ→0

1

ϵ

cos(π(−1 + ϵ))

(−1 + ϵ)!
= −1

and since
�∞
0

e−x dx = 1 it follows that we do have
�∞
0

f(x)dx = −lim
ϵ→0

∨
f(−1+ϵ)

ϵ

per conjecture 1. So far, so good!

Example 1(b) [f(x) = e−x2

]: Here the Taylor series around 0, with R = ∞, is

e−x2

= 1−x2+ 1
2!x

4− 1
3!x

6+ . . ., so
∨
f(m) = cos(πm

2 )
1

(m
2 )! for m ∈ Z and it thus

seems natural to take
∨
f(s) = cos(π s

2 )
1

( s
2 )!

. This time the fact that
∨
f(−1) = 0

arises not from the factorial in the denominator, but from the factor of cos(π s
2 )

in the numerator, and we have

lim
ϵ→0

∨
f(−1 + ϵ)

ϵ
= lim

ϵ→0

1

ϵ
· cos(π

2
(−1 + ϵ))

1

(− 1
2 )!

= lim
ϵ→0

1

ϵ

πϵ

2

1√
π

=

√
π

2

on noting that (− 1
2 )! = Γ( 12 ) =

√
π. On the other hand, we know that

�∞
0

e−x2

dx =
√
π
2 . It follows that in this case we have

�∞
0

f(x) dx = lim
ϵ→0

∨
f(−1+ϵ)

ϵ

and so, under this gauge-choice of
∨
f , conjecture 1 fails but only by a sign-factor

of −1. Let us press on!

Example 1(c) [f(x) = e−xn

, n ∈ Z≥1 arbitrary]: Here the Taylor series
around 0, with R = ∞, is e−xn

= 1−xn+ 1
2!x

2n− 1
3!x

3n+ . . .. To get a formula

for
∨
f(s) we need a function which will alternate between 1 and −1 with a spacing
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of n, and with value zero at all integer points o� the lattice {0,±n,±2n, . . .}.
There are many ways we could do this, but the cleanest is by taking a ratio of
sine-functions as follows:

Lemma 1a: For any n ∈ Z≥1 the function 1
2n · sin(2πs)

sin(πs
n ) is smooth. It has

value 1 at all points s = 2jn (j ∈ Z); has value −1 at all points s = (2j + 1)n
(j ∈ Z); and has value 0 at all integer points not on the lattice {0,±n,±2n, . . .}.

This is easy to see. The sine-function on the numerator is zero at all inte-
ger points and the ratio is therefore only non-zero at such points when the
sine-function on the denominator is also zero, which occurs at the points on the
lattice mentioned. At such points the limiting value alternates between ±2n
based on a L'Hopital's calculation, and the overall factor of 1

2n reduces this to
alternation between ±1 as desired.

Using this in our example, the natural formula to take for the Taylor co-

e�cient function of f(x) = e−xn

is
∨
f(s) = 1

2n · sin(2πs)
sin(πs

n ) · 1
( s
n )! . Then clearly

∨
f(−1) = 0 and for any n > 1 we have that

lim
ϵ→0

∨
f(−1 + ϵ)

ϵ
=

1

(−1
n )!

· −1

sin(πn )
· lim
ϵ→0

sin(2π(−1 + ϵ))

2nϵ
= −π

n
· 1

(−1
n )!

· 1

sin(πn )
.

Since z! = Γ(z+1) satis�es the relationship Γ(z+1) = zΓ(z) and the functional
equation π

sin(πz) = Γ(z) · Γ(1− z), this simpli�es readily to give that

lim
ϵ→0

∨
f(−1 + ϵ)

ϵ
= −

(
1

n

)
! .

On the other hand, we know from [1, identity 3.326(1), p336] that
�∞
0

e−xn

dx =

( 1n )!. It follows that under our gauge-choice here of
∨
f using Lemma 1a, conjec-

ture 1 is satis�ed for f(x) = e−xn

for any n ∈ Z>1.

Comments: (i) In examples 1(a)-(c) we have calculated
∨
f ′(−1) and then com-

pared it with the known value of
�∞
0

f(x) dx in order to test the validity of

conjecture 1 and investigate the right canonical form for
∨
f . It is worth stop-

ping, however, to re�ect that the integral in 1(b) is non-trivial, and the integrals
in 1(c) for general n are even more so. As such, modulo getting this canonical
form nailed down, this approach and equation 8 in conjecture 1 represent a
surprising new way of attacking de�nite integrals of the form

�∞
0

f(x) dx - one
which appears to calculate such integrals without ever using anything resem-
bling traditional integration techniques. In future papers, we will both extend
the scope of methods for such "integration without integrating" and use them
to calculate some de�nite integrals of this form which have previously de�ed
calculation (at least as far as we can tell from a perusal of [1]!).
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(ii) Example 1(c) subsumes example 1(b), which corresponds to the case of
n = 2. Our previous naive treatment of 1(b), however, led to a sign-error viola-
tion of conjecture 1, whereas there is no sign-error regarding conjecture 1 in 1(c)
- for this case or indeed any other n. What went wrong in our earlier treatment
of f(x) = e−x2

in example 1(b)?

Well, for n = 2 the formula developed in 1(c) leads to the formula
∨
f(s) =

cos(πs) cos(π s
2 )

1
( s
2 )!

, which agrees with the formula from 1(b) but has an extra

factor of cos(πs).
This extra factor has the value 1 whenever s is an even integer, so it rep-

resents a gauge-choice that leaves the even-index Taylor-coe�cients una�ected
and does not a�ect the odd-index Taylor-coe�cients simply because they are

all zero. It does, however, a�ect the derivative of
∨
f(s) at the odd-index s = −1.

There it supplies the extra factor of −1 that brings example 1(b) back into
agreement with conjecture 1, removing the previous sign-error.

(iii) One of the reasons example 1(c) gave the "right" form of
∨
f(s) where exam-

ple 1(b) did not, is because the function de�ned in lemma 1 behaves correctly
to capture re-scaling x → xn in the argument of a function.

By contrast, simply going from cos(πs) (our choice to capture the alternating
sign of coe�cients when n = 1 in example 1(a)) to cos(π s

n ) - as we did for n = 2
in example 1(b) - no longer works even for the original Taylor-coe�cient set
when n ≥ 3; and fails by a sign-error for conjecture 1 even for n = 2.

This suggests that ensuring our choices in constructing
∨
f(s) all re-scale in

a manner consistent with conjecture 1 is a fundamental constraint which needs

to be met in our e�orts to �nd a canonical form for
∨
f(s).

To this end, the following lemma - which mirrors lemma 1a but without the
alternation of sign - should, morally, undergird the "right" way to go from the
Taylor-coe�cient function of an arbitrary function f(x) to the Taylor-coe�cient
function of g(x) := f(xn):

Lemma 1b: For any n ∈ Z≥1 the function 1
n · sin(2πs)

sin( 2πs
n )

is smooth and has

the value 1 at all points s = jn (j ∈ Z); and has value 0 at all integer points

not on the lattice {0,±n,±2n, . . .}. If f(x) has Taylor-coe�cient function
∨
f(s)

under which conjecture 1 is satis�ed, and if g(x) := f(xn), then the correct

canonical form of
∨
g(s) should be

∨
g(s) :=

1

n
· sin(2πs)
sin( 2πsn )

·
∨
f(

s

n
) , (11)

meaning that under this gauge-choice of
∨
g(s), conjecture 1 is also satis�ed for

g(x).
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Note that this lemma is consistent with lemma 1a in the sense that we end
up with the same Taylor-coe�cient function for g(x) := f(xn) when the Taylor
series for f is itself alternating with period 1, irrespective of whether we apply

lemma 1a directly or absorb the alternation within the de�nition of
∨
f(s) and

apply lemma 1b.
We return to this lemma shortly in order to consider Mellin transforms

in general and thereby derive a �nal canonical form for the Taylor-coe�cient
function of an arbitrary function f . But for now, we defer this and heed instead
the advice of Professors Peachy Carnahan and Daniel Dravot [pers. comm.] to
the e�ect that:

The wind is in the palm trees
And the temple bells they say

Oh get you back to more examples
get you back without delay!

Example 2(a) [f(x) = 1
1+x ]: Here the Taylor series around 0, with R = 1,

is 1
1+x =

∑∞
j=0(−1)jxj , so

∨
f(m) = (−1)m for m ∈ Z and it seems natural to

take
∨
f(s) = cos(πs). Then

∨
f(−1) = −1 ̸= 0. This is good, and consistent with

conjecture 1 - it re�ects the fact that f(x) = 1
1+x is not classically integrable on

[0,∞) since it decays like 1
x as x → ∞. We shall return to consider the subtler

meaning of this example in a future paper in this series.

Example 2(b) [f(x) = 1
1+x2 ]: Here the Taylor series around 0, with R = 1, is

1
1+x2 = 1 − x2 + x4 − x6 + . . ., so using lemma 1a and adopting the corrected

general form settled on in example 1(c) we take
∨
f(s) = cos(πs) cos(π s

2 ). Thus
∨
f(−1) = 0 and

∨
f ′(−1) = (−1) · lim

ϵ→0

cos(π (−1+ϵ)
2 )

ϵ
= −π

2
.

Since
�∞
0

1
1+x2 dx = [tan−1(x)]∞0 = π

2 , conjecture 1 continues to hold under this

choice of
∨
f and prospects continue fair (as well as being another nice example

of integrating without integrating!).

Example 2(c) [f(x) = 1
1+xn , n ∈ Z>2 arbitrary]: Here the Taylor series

around 0, with R = 1, is 1
1+xn = 1− xn + x2n − x3n + . . ., and lemma 1a gives

∨
f(s) = 1

2n · sin(2πs)
sin(πs

n ) . Thus
∨
f(−1) = 0 and

∨
f ′(−1) =

(−1)

2n sin(πn )
· lim
ϵ→0

sin(2π(−1 + ϵ))

ϵ
= −

π
n

sin(πn )
= −(

1

n
)!(− 1

n
)! .

Again, as in example 2(b), this can be taken either as a con�rmation of conjec-

ture 1 for this choice of
∨
f by noting (from [1, 3.241(2), p322]) that

�∞
0

1
1+xn dx =

12



π
n csc(πn ) = ( 1n )!(−

1
n )!; or else it can be taken as another nice example of ef-

�ciently computing a non-trivial de�nite integral via Taylor-series-to-the-left
methods without using anything like contour integration, partial fractions or
other traditional techniques of integration.

Comment: Note that in the examples 2(a)-(c) we have correctly calculated�∞
0

f(x) dx even though the Taylor series only has radius of convergence 1.
Taylor-series-to-the-left methodology does not require that the Taylor series
converge on the whole of the domain of integration [0,∞).

With lemmas 1a and 1b we have now gained at least some con�dence about

our methods for �nding the right canonical form of
∨
f to satisfy conjectures 1-3.

Given this, let us take a moment to note a handful of further examples illustrat-
ing the power of these Taylor-series-to-the-left methods in calculating de�nite
integrals (including some famous ones) which are otherwise di�cult to evaluate.

Example 3(a) [Dirichlet's integral
�∞
0

sin x
x dx]: The Taylor series for f(x) =

sin x
x is 1 − x2

3! +
x4

5! − . . . so we take
∨
f(s) = cos(πs) · cos(π s

2 ) ·
1

(s+1)! . This has
∨
f(−1) = 0 and

∨
f ′(−1) = (−1) · lim

ϵ→0

cos(π (−1+ϵ)
2 )

ϵ
= −π

2

so we evaluate Dirichlet's integral as
�∞
0

sin x
x dx = π

2 . This is correct. Note that
the evaluation is correct despite the integral not being absolutely convergent.

Example 3(b) [Fresnel's integral
�∞
0

sinx2 dx]: The Taylor series for f(x) =

sinx2 is x2 − x6

3! +
x10

5! − . . . so using lemma 1a and shifting by 2 to the right,

we take
∨
f(s) = 1

8 · sin(2π(s−2))

sin(
π(s−2)

4 )
· 1
( s
2 )!

. This has
∨
f(−1) = 0 and

∨
f ′(−1) = −

√
2

8
· 1√

π
· lim
ϵ→0

sin(2π(−3 + ϵ))

ϵ
= −

√
π

8

so we evaluate Fresnel's integral as
�∞
0

sinx2 dx =
√

π
8 . This is correct and

again this is despite the integral not being absolutely convergent. A similar
calculation gives

�∞
0

cosx2 dx =
√

π
8 also.

The generalised Fresnel integrals can be handled in identical fashion, giving�∞
0

sinxn dx = ( 1n )! · sin(
π
2n ) and

�∞
0

cosxn dx = ( 1n )! · cos(
π
2n ).

Our �nal example in this group shows the application of Taylor-series-to-the-
left methods in ways going beyond the use of lemmas 1a and 1b for handling
re-scaling of well-known functions (on which we have principally relied so far).
The working in this case involves formal manipulations, and is essentially com-
binatorial. It points towards the use of formal symbols and formal function
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elements in new ways in the �nal paper in this set.3

Example 3(c) [
�∞
0

(
e
− 1

1+x2 − 1
)
dx]: Since 1

1+x2 = 1−x2+x4−x6+ . . . near

0, and since

(
1− x2 + x4 − x6 + . . .

)n
= 1−

(
n

n− 1

)
x2 +

(
n+ 1

n− 1

)
x4 −

(
n+ 2

n− 1

)
x6 − . . .

so for x near 0 the Taylor series for f(x) = e
− 1

1+x2 is given by

e
− 1

1+x2 =

 1−
(
1− x2 + x4 − x6 + . . .

)
+ 1

2!

(
1− 2x2 + 3x4 − 4x6 + . . .

)
− 1

3!

(
1− 3x2 + 6x4 − 10x6 + . . .

)
+ . . .


=

∞∑
m=0

∨
f(2m)x2m

where, formally,

∨
f(2m) = (−1)m+1


{
. . .− 1

(−2)!

(
m−3
m

)
+ 1

(−1)!

(
m−2
m

)
− 1

0!

(
m−1
m

)}
+
{

1
1!

(
m
m

)
− 1

2!

(
m+1
m

)
+ 1

3!

(
m+2
m

)
− . . .

}
 .

Here we have formally extended this expression to the left for reasons we cover in
the next paper in this set (in order to match the correct asymptotic expansion
for f(x) as x → ∞); and expressions involving binomial symbols with nega-
tive integer arguments are interpreted in the natural way so that, for example(−2
−5

)
= (−2)!

(−5)! 3! =
(−2)(−3)(−4)

3! = −4 and so forth (this can be justi�ed as taking

limiting values where the arguments approach these negative integer points in
the appropriate way).

Bearing in mind lemma 1a, we thus set

∨
f(s) = − cos(πs) · cos(π s

2
) ·


{
. . .+ 1

(−1)!

( s
2−2

s
2

)
− 1

0!

( s
2−1

s
2

)}
+
{

1
1!

( s
2
s
2

)
− 1

2!

( s
2+1

s
2

)
+ 1

3!

( s
2+2

s
2

)
− . . .

}
 . (12)

3In that paper we will derive the formula for
�∞
0

(
e
− 1

1+xk − 1

)
dx for arbitrary k ∈ Z≥1

in a matter of a few lines of working involving a formal symbol and purely using elementary

algebra and combinatorics - despite the fact that, at least to the author, it is completely

unclear how to obtain this formula using traditional integration methods for arbitrary k
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This has
∨
f(−1) = 0 owing to the cos(π s

2 ) factor, and

∨
f ′(−1) =

π

2
·


{. . .+ 0− 0}

+
{

1
1!

(−1
2

−1
2

)
− 1

2!

( 1
2

−1
2

)
+ 1

3!

( 3
2

−1
2

)
− . . .

}


=
π

2
·

 1− 1
2!

(
1
2

)
+ 1

3!

(
3
2

) (
1
2

)
1
2!

− 1
4!

(
5
2

) (
3
2

) (
1
2

)
1
3! + . . .

 ≃ 1.258924257 .

We thus evaluate
�∞
0

(
e
− 1

1+x2 − 1
)
dx ≃ −1.258924257 and this is readily con-

�rmed as correct by numerical integration.

Comment: Note that we have considered here only f(x) = e
− 1

1+x2 , not the

full integrand g(x) := e
− 1

1+x2 − 1, in calculating
∨
f(s) and hence

∨
f ′(−1), and yet

we obtained
�∞
0

(
e
− 1

1+x2 − 1
)
dx correctly.

One explanation for this is that the extra −1 term only a�ects, if anything,

the s = 0 value of
∨
f(s). As such its inclusion would leave

∨
f(s) unaltered near

s = −1 and thereby leave the value
∨
f ′(−1) unchanged.

There is, however, an alternative deeper explanation. The extra −1 has been
included in the integrand solely to make it classically integrable - as x → ∞,

e
− 1

1+x2 +C ∼ (1+C)+O( 1
x2 ) and so e

− 1
1+x2 +C is classically integrable if and

only if C = −1. The Taylor-series-to-the-left methods thus give us the correct
value for the convergent integral when C = −1, but would give the same value
even if a di�erent constant C had been added.

Now, if we consider the partial integral
�X

0

(
e
− 1

1+x2 + C
)
dx, taking a di�er-

ent C only changes the result by (1+C)X and (1+C)X is a generalised Césaro
eigenfunction with generalised Césaro limit 0. Thus, viewed within a generalised
Césaro rather than a classical convergence framework, the integral-value should
be independent of the choice of C.

This strongly suggests that our Taylor-series-to-the-left methods are in fact
valid within the broader generalised Césaro framework, and that this is in fact
the right framework in which to consider them. In other words, while they will
certainly work where e.g. the integrand is classically integrable, they will con-
tinue to hold even where classical integrability fails but the integral converges
in a generalised Césaro sense. We return to test this further shortly.

Our last two groups of examples in this section are motivated by the last two
comments - following examples 2(a)-(c) and example 3(c) respectively.

The �rst of these noted that our Taylor-series-to-the-left methodology cor-
rectly calculated

�∞
0

f(x) dx even when the Taylor series for f only converged

for
∣∣x∣∣ < 1.
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This represents the �rst hint of the potential for "local-to-global inference"
from such methods. By this we mean that such integrals are quintessentially
global - they depend critically on the behaviour of f(x) on all of [0,∞), including
the behaviour as x → ∞. Yet Taylor-series-to-the-left methods appear to be
built simply from an examination of the behaviour of f(x) in an in�nitesimal
neighbourhood of 0 - from which we derive the values of f (j)(0) for all j ≥ 0

and hence infer the form of
∨
f(s) - and in this case only allow reconstruction of

f(x) for x on the small subset of the integration domain consisting of [0, 1).
Our single example in group 4 takes this to an extreme by showing that

Taylor-series-to-the-left methods continue to work even where the power series
for f(x) near 0 has radius of convergence R = 0 - so that it represents an
asymptotic series governing the behaviour of f(x) only in in�nitesimally small
neighbourhoods of 0, with the power series itself not being convergent for even
a single value of x > 0!

To obtain this example, recall that in [IV], as a demonstration of using
Césaro arrays based on an example from [2], we found an explicit function
having the asymptotic power series

∑∞
j=0 Bj+1x

j =
∑∞

j=0(−1)j(j+1)ζ(−j)xj =

− 1
2 +

1
6x−

1
30x

3+ . . . in a neighbourhood of x = 0. The coe�cients in this series
blow up rapidly as j → ∞, and it can be easily shown that the series has radius
of convergence R = 0, so that it is only an asymptotic series near 0 and does
not converge for any x ̸= 0.

Nevertheless we showed that f(x) given by

f(x) = − 1

x
+

∞∑
j=1

1

(jx+ 1)2

is a perfectly well-de�ned function on all of (0,∞), which extends smoothly to
0 by its limiting value − 1

2 , and which has this power series as its asymptotic
expansion near 0.

Unfortunately the− 1
x term here, while it cancels the 1

x -divergence of
∑∞

j=1
1

(jx+1)2

as x → 0, leaves a classically non-integrable divergence in f(x) as x → ∞, since∑∞
j=1

1
(jx+1)2 ∼ ζ(2) 1

x2 as x → ∞. To avoid this and leave a classically inte-

grable function on [0,∞) it would be better to subtract o� instead a function
which has the right 1

x -divergence as x → 0 but is integrable as x → ∞.

Fortunately, we already know such a function, namely 2 ·
∑∞

j=1 e
−πj2x2

since
in [IV] we showed that

∞∑
j=1

e−πj2x2

=
1

2

1

x
− 1

2
+ S0(x) and

∞∑
j=1

e−πj2x2

= S∞(x)

where S0(x) and S∞(x) refer to the spaces of Schwartzian functions at 0 and ∞
respectively. Thus, �nally, the example we consider is

Example 4(a) [
�∞
0

h(x)dx where h(x) := −2 ·
∑∞

j=1 e
−πj2x2

+
∑∞

j=1
1

(jx+1)2 ]:

16



This function is smooth on (0,∞) and extends smoothly back to the value 1
2 at

x = 0; but the Taylor coe�cients of x, x2, x3, . . ., remain B2, B3, B4, . . . and so
the radius of convergence of its Taylor series remains R = 0 and it still does not

converge for any x ̸= 0. As for
∨
h(s), we have

∨
h(s) = cos(πs) · (s+ 1) · ζ(−s)− 2 · π s

2 · cos(πs) · cos(π s
2
) · ζ(−s)

( s2 )!
.

It follows, taking s = −1 + ϵ and letting ϵ → 0, that we have

∨
h(−1) = lim

ϵ→0


(−1) · ϵ ·

[
− 1

ϵ + γ + . . .
]

−2 · π− 1
2 · (−1) ·

(
πϵ
2

)
·
[
− 1

ϵ + γ + . . .
]
· 1√

π


= lim

ϵ→0
{(1 +O(ϵ)) + (−1 +O(ϵ))} = 0

so
∨
h(−1) = 0 as it should (since h is integrable on [0,∞)). And, working to

O(ϵ2) we have that

∨
h(−1 + ϵ) =


cos(−π + πϵ) · ϵ ·

[
− 1

ϵ + γ + . . .
]

−2 · π− 1
2+

ϵ
2 · cos(−π + πϵ) · cos(−π

2 + πϵ
2 ) · [−

1
ϵ+γ+...]

(− 1
2+

ϵ
2 )!


=


(−1) · (−1 + γϵ)

− 2√
π
· (1 + 1

2 ln(π)ϵ) · (−1) · (πϵ2 ) · [−
1
ϵ+γ+...]

(− 1
2+

ϵ
2 )!

+O(ϵ2)

 .

Now (− 1
2+

ϵ
2 )! = Γ(12+

ϵ
2 ) = Γ(12 )+

1
2Γ

′( 12 )ϵ+O(ϵ2), and from Gauss' di-gamma

theorem we know that
Γ′( 1

2 )

Γ( 1
2 )

= −γ − 2 ln 2. Thus, noting that Γ( 12 ) =
√
π, we

have (− 1
2 + ϵ

2 )! =
√
π · (1− 1

2 (γ + 2 ln 2)ϵ) +O(ϵ2) and so 1
(− 1

2+
ϵ
2 )!

= 1√
π
· (1 +

1
2 (γ + 2 ln 2)ϵ)) +O(ϵ2). It follows in the above that

∨
h(−1 + ϵ) =


2
π · (1 + 1

2 ln(π)ϵ) ·
[
−π

2 + πγ
2 ϵ

]
· (1 + 1

2 (γ + 2 ln 2)ϵ))

+ (1− γϵ) +O(ϵ2)


= −

(
1

2
ln(4π) +

1

2
γ

)
ϵ+O(ϵ2)

and so, �nally,

� ∞

0

h(x)dx = −
∨
h′(−1) = −lim

ϵ→0

∨
h(−1 + ϵ)

ϵ
=

1

2
ln(4π) +

1

2
γ ≃ 1.554119956 .

This is again readily validated by numerical integration, con�rming that Taylor-
series-to-the-left methods continue to work here even when the radius of con-
vergence of the series is zero. In passing, it is also interesting that they give
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such a clean closed form for the result. It would be much harder to obtain this
via traditional methods.

Turning next to our second comment (regarding example 3(c)), our last set
of examples show that Taylor-series-to-the-left methods continue to work for
integrals even where they are only convergent in a generalised Césaro sense, not
classically.

Example 5(a) [
�∞
0

sinxdx]: The Taylor series for f(x) = sinx is x− x3

3! +
x5

5! −

. . . so, using lemma 1a and shifting 1 to the right, we take
∨
f(s) = 1

4
sin 2π(s−1)

sin
π(s−1)

2

· 1
s! .

This has
∨
f(−1) = 0 and

∨
f ′(−1) = −1, so conjecture 1 implies that we have

� ∞

0

sinx dx = 1 .

Of course
�∞
0

sinx dx is not classically convergent, but
�X

0
sinx dx = [− cosx]X0 =

1−cosX and since cosX is strongly Césaro-convergent to 0 (since P [cos X̃](X) =
1
X

�X

0
cosx dx = sinX

X → 0 as X → ∞), it follows that
�X

0
sinx dx

C≃ 1 as
X → ∞. In other words, in a generalised Césaro sense, we do have that�∞
0

sinx dx = 1.
Thus, as in the discussion of example 3(c), conjecture 1 and our Taylor-series-

to-the-left methods do seem to remain true for functions which are only Césaro-
integrable; and generalised Césaro-convergence, rather than classical conver-
gence, does seem to be the correct framework within which to view conjectures
1-3 and these methods.

In the same fashion, Taylor-series-to-the-left methods and conjecture 1 sug-
gest that we should have

�∞
0

cosx dx = 0 and, while this integral is not classi-
cally well-de�ned, it is Césaro-convergent and its generalised Césaro-value is 0,
again supporting this perspective.

For our next, and �nal, example testing this generalised Césaro extension, we
consider the always-interesting function ln(Γ(x+ 1)). This is smooth on [0,∞)
and by Stirling's theorem, it has asymptotic expansion

ln(Γ(x+ 1)) = (x+
1

2
) lnx− x+

1

2
ln 2π +

1

12

1

x
+O(

1

x3
)

as x → ∞.
It is thus clearly not classically integrable, but it is also not integrable in a

generalised Césaro sense owing to the 1
12

1
x term. In the partial-integral from 0

to X, the �rst terms lead to a linear combination of terms of the form X2 lnX,
X lnX, X2 and X, but these are all eigenfunctions or generalised eigenfunctions
of P with eigenvalue either 1

2 or 1
3 and so have generalised Césaro limit 0; the

1
12

1
x term, however, leads to a pure log-divergence 1

12 lnX as X → ∞ and this is
a generalised Césaro eigenfunction with eigenvalue 1 which cannot be attributed
a generalised Césaro limit (see [I]-[III]).
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To get a function which is not classically integrable but is Césaro-integrable,
let us therefore take instead f(x) := ln(Γ(x+1))− 1

12
1

x+1 , since this removes the
log-divergence as X → ∞ without disturbing smoothness and non-singularity
near 0.

Example 5(b) [
�∞
0

f(x)dx where f(x) := ln(Γ(x + 1)) − 1
12

1
x+1 ]: Since

the Taylor series for ln(Γ(x + 1)) near x = 0 is −γ · x +
∑∞

m=2(−1)m ζ(m)
m xm,

and the corresponding Taylor series for 1
1+x is 1−x+x2−x3+ . . ., it is natural

to try taking
∨
f(s) = cos(πs) ·

(
ζ(s)

s
− 1

12

)
except that there seems to be a problem with this prescription for

∨
f(s) at s = 1,

since ζ has a pole there rather than the value γ.

It turns out, however, that this prescription for
∨
f(s) is correct - and this

apparent anomaly at s = 1 in fact has interesting implications regarding the
asymptotic behaviour of the function ln(Γ(x + 1)) as x → ∞. We will begin
to explain this in the next paper in the set; tighten the analysis into a formal
result in the third paper; and �nally analyse this speci�c case again in detail as
an illustration of the power of local-to-global inference using Taylor-series-to-
the-left methods in the fourth paper in the set.

For now, however, we take it as given that this de�nition of
∨
f(s) (which

works for all s ∈ Z>1) is correct and proceed accordingly.

We have at once that
∨
f(−1) = 0, and for s = −1 + ϵ we have

∨
f(−1 + ϵ) = (−1 +O(ϵ2)) ·

{
−ζ(−1 + ϵ) ·

[
1 + ϵ+O(ϵ2)

]
− 1

12

}

= (−1) ·
{
[−ζ(−1)− ζ ′(−1)ϵ] · [1 + ϵ]− 1

12

}
+O(ϵ2)

= −
(

1

12
− ζ ′(−1)

)
ϵ+O(ϵ2) .

Now ζ ′(−1) = 1
12 − lnA where A ≈ 1.282427129 is the Glaisher-Kinkelin con-

stant. It follows that

∨
f ′(−1) = lim

ϵ→0

∨
f(−1 + ϵ)

ϵ
= − lnA ≈ − ln(1.282427129)

and so conjecture 1 and our Taylor-series-to-the-left methodology imply that
the generalised Césaro value of

�∞
0

f(x) dx is

� ∞

0

f(x) dx = lnA ≈ ln(1.282427129) .
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In light of the Stirling's theorem asymptotics for ln(Γ(x+ 1)) given above, this
can be re-stated as the claim that

lim
X→∞


�X

0
f(x) dx− 1

2X
2 lnX − 1

2X lnX

+ 3
4X

2 + ( 12 − 1
2 ln 2π)X

 = lnA ≈ ln(1.282427129)

where this is now a classical limit. This is again readily veri�ed by numerical
integration.4

Comment: Once more we see that Taylor-series-to-the-left methodology and
its associated conjectures 1-3 seem to remain valid in the generalised Césaro
convergence framework, and indeed to be best understood within this broader
convergence framework.

Beyond the examples considered, such a generalisation from classical to gen-
eralised Césaro convergence appears plausible from a heuristic point of view.
After all, arguing as we did in considering example 3(c), suppose conjecture
1 holds for all smooth, classically integrable functions; and suppose we take
such a function, f(x), and make it into a non-classically integrable function
- but one which is still integrable in a generalised Césaro sense - by adding
to its partial-integral, F (X), a generalised Césaro eigenfunction of the form
c ·Xρ for some constants c and ρ > 0. That is, we replace f(x) by g(x) where
G(X) = F (X) + c ·Xρ.

Then g(x) := f(x) + ρxρ−1 and since ρ − 1 ̸= −1 the Taylor-coe�cient
functions of g and f are identical, at least in a neighbourhood of s = −1.

Since, by conjecture 1 we have that
�∞
0

f(x)dx = −
∨
f ′(−1), and since G(X) :=�∞

0
g(x) dx has generalised Césaro limit equal to the classical limit of F (X)

(since Xρ C∼ 0), it follows that we also have
�∞
0

g(x)dx = Clim
X→∞

�X

0
g(x) dx =

−
∨
f ′(−1) = −

∨
g′(−1) and so conjecture 1 would continue to hold for g(x) when

understood within a generalised Césaro convergence framework.
In the same way, this heuristic argument could be extended to cover diver-

gences consisting of generalised Césaro eigenfunctions, c·Xρ(lnX)m (m ∈ Z>0),
albeit that the form of g(x) in terms of f(x) in the argument is messier to state.

It thus appears that in order to extend our Taylor-series-to-the-left method-
ology and conjectures 1-3 from the classically convergent domain to that of gen-
eralised Césaro convergence, the only case which is not clear, at least morally,
is the case where functions arise which are only Césaro-convergent under a pure
power of P (such as the examples of sinx and cosx in example 5(a)). In such
cases, the nature of the additional term in the partial-integral which is only
convergent in a generalised Césaro sense, is not so easily inverted to take the
integrand back into the domain of classical convergence.

4The convergence of the numerical calculation can be improved by including the anti-

derivatives of extra decaying terms from Stirling's approximation in the expression on the left

if desired
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Nevertheless, as we saw in example 5(a), the Césaro extension of our Taylor-
series-to-the-left methods and conjectures 1-3 does indeed hold in such cases,
and we will prove this in the third paper in this set. There we will simultaneously
show that the right convergence framework for understanding Mellin transforms
is also the generalised Césaro, rather than the classical, convergence framework.

Let us now turn to consider such Mellin transforms in general, albeit revert-
ing back for now to the warm embrace of classical convergence in order to avoid
dividing our forces on too many fronts simultaneously.

4 The Taylor coe�cient function andMellin trans-

forms

One of the most important areas where integrals on [0,∞) occur is the Mellin
transform. For a suitably well-behaved, smooth function f(x) its Mellin trans-
form, M[f ](s), is a function of complex variable s de�ned by

M[f ](s) :=

� ∞

0

xs−1f(x) dx . (13)

Since by conjecture 1 we have that
�∞
0

f(x) dx = −
∨
f ′(−1), and since the Taylor

series for g(x) := xs−1f(x) might be expected to be just the Taylor series for
f(x) shifted to the right by s − 1, we might expect to have simply M[f ](s) =
∨
f ′(−s) in general. Indeed when s = m ∈ Z this is the case, as we claimed earlier
in section 2.

For s /∈ Z, however, it is not correct. The reason is that when s /∈ Z,
g(x) = xs−1f(x) is no longer either smooth near x = 0, nor contains only poles
there. Rather, x = 0 is now a branch point and g(x) has a branch cut originating
there. This makes the notion of a Taylor or Laurent series for g(x) around 0
problematic. Since the reasoning of section 2 only applied where such a power
series exists, we cannot simply apply such translation-arguments when s /∈ Z.

We can, however, get around this, and bootstrap from our result in conjec-
ture 1 to a general formula relating the Taylor-coe�cient function of a function,
f , to its Mellin transform at arbitrary s.

The key is to start by restricting to s ∈ Q rational and then to use a sub-
stitution which converts this case back to one involving only integer powers to
which conjecture 1 can be applied. Let us illustrate �rst by deriving the well-
known Mellin transform of e−x by these means.

Example 6 [The Mellin transform of f(x) = e−x]: For s = p
q in low-

est terms, we have

M[e−x](
p

q
) =

� ∞

0

x
p
q−1e−x dx .
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Letting u = x
1
q , we get dx = quq−1du and therefore

M[f ](
p

q
) = q ·

� ∞

0

up−1 · e−uq

du .

Now h(u) := up−1 ·e−uq

= up−1 ·
{
1− uq + 1

2!u
2q − 1

3!u
3q + . . .

}
has only integer

powers and so, using lemma 1a and shifting p− 1 to the right, we take

∨
h(s) =

1

2q
· sin(2π(s+ 1− p))

sin(π (s+1−p)
q )

· 1

( s+1−p
q )!

.

This has
∨
h(−1) = 0 and

∨
h(−1 + ϵ) =

1

2q
· 2πϵ

sin(−π p
q )

· 1

(−p
q )!

+O(ϵ2) .

Thus

∨
h′(−1) = lim

ϵ→0

∨
h(−1 + ϵ)

ϵ
= −1

q
· π

sin(π p
q )

· 1

(−p
q )!

= −1

q
· Γ(p

q
)

on using the functional equation of the Gamma function as before. Hence we
have that

M[f ](
p

q
) = q ·

� ∞

0

h(u) du = Γ(
p

q
)

for any p
q ∈ Q. Since for any s ∈ R we can approximate s arbitrarily closely by

rational values, and since the result just obtained depends only on p
q , not on p

or q independently, it follows by taking p
q → s that for arbitrary s ∈ R (and

hence also arbitrary s ∈ C by analytic continuation) we have likewise that

M[f ](s) = Γ(s) .

We have thus derived the well-known result giving Γ(s) as the Mellin trans-
form of e−x. Let us apply this same bootstrapping approach to an arbitrary
function f(x).

The general case [The Mellin transform of f(x)]: For s = p
q in lowest

terms, the same substitution of u = x
1
q gives us

M[f ](
p

q
) = q ·

� ∞

0

up−1 · f(uq) du .

Now h(u) := up−1 · f(uq) = up−1 ·
{

∨
f(0) +

∨
f(1)uq +

∨
f(2)u2q +

∨
f(3)u3q + . . .

}
has only integer powers but is not necessarily alternating in character. Thus we
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need to invoke lemma 1b rather than lemma 1a while still shifting p− 1 to the

right, in constructing
∨
h(s). We get

∨
h(s) =

1

q
· sin(2π(s+ 1− p))

sin(2π (s+1−p)
q )

·
∨
f(

s+ 1− p

q
) .

Thus, for q > 1 we have that
∨
h(−1) = 0 and

∨
h(−1 + ϵ) =

1

q
· 2πϵ

sin(−2π p
q )

·
∨
f(

−p

q
) +O(ϵ2)

so that
∨
h′(−1) = lim

ϵ→0

∨
h(−1 + ϵ)

ϵ
= −1

q
·
∨
f(

−p

q
) · 2π

sin(2π p
q )

.

It follows that

M[f ](
p

q
) = −q ·

∨
h′(−1) =

∨
f(

−p

q
) · 2π

sin(2π p
q )

and since this again depends smoothly only on p
q ∈ Q (not on p or q indepen-

dently), we can take p
q → s and readily show that in general

M[f ](s) =
2π

sin(2πs)
·
∨
f(−s) (14)

for arbitrary s ∈ R (and hence arbitrary s ∈ C by analytic continuation).

Alternatively, this relationship can be re-expressed to give
∨
f in terms of the

Mellin transform, in what is now the canonical form for
∨
f we have been seeking:

Canonical form for
∨
f :

∨
f(s) = −M[f ](−s) · sin(2πs)

2π
. (15)

4.1 Implications

This canonical form in equation 15 changes the standing of all the work preced-
ing it in this paper. Previously, the extension from a well-de�ned Taylor series
to a Taylor-coe�cient function of a continuous variable was heuristic - and we
had been primarily engaged in developing rules (e.g. lemmas 1a and 1b) which
would allow us to obtain this correct form making conjectures 1-3 true.

Now equation 15 gives us the general formula for this canonical form - for
any function f whose Mellin transform exists - and under this, conjecture 1 is
readily validated as a theorem.
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For if M[f ](s) is well-de�ned and di�erentiable at s = 1 (which is essen-

tially equivalent to our earlier integrability condition that
∨
f(−1) = 0), then

di�erentiating equation 15 and setting s = −1 gives that

∨
f ′(−1) = −

{
d

ds
M[f ](−s) |s=−1

}
· 0−M[f ](1) · 1 = −

� ∞

0

f(x) dx

and this proves conjecture 1. Conjectures 2 and 3 then follow as before; and the
fact that, where applicable, lemmas 1a and 1b lead to the correct canonical form

of
∨
f(s) can be inferred from the way we just used lemma 1b to derive equation

15 above.
In short, we have now moved the notion of the Taylor-coe�cient function

from the realm of morally-justi�ed intuition, to the realm of well-de�ned quan-
tity and have at the same time moved conjectures 1-3 into the category of
established results.

And at the same time, in ways that we will explore in greater depth in
later papers in this set, we have seen via various examples that the two closely-
connected concepts of Taylor coe�cient functions and Mellin transforms should
likely both be extended from the domain of classical convergence to the frame-
work of generalised Césaro convergence; extended to encompass power series
that may only be asymptotic and nowhere-convergent; and analysed in ways
that may reveal the potential for local-to-global inference.

Comment: One last comment about aesthetics. We have remarked how con-
jecture 1 and Taylor-series-to-the-left methods facilitate calculation of integrals
on [0,∞) without using anything resembling traditional integration techniques.
It is therefore a little unsatisfying that the derivation of the Mellin transform
in this section has relied on using a traditional substitution to �rst go from
rational to integer exponents. In fact, this could have been avoided. As long as
we have a "base unit" (in our case 1

q ) which evenly divides both 1 and all of the
powers of x in our integrand, then lemmas 1a and 1b can be easily adapted to
give sequences with ±1 every n lengths of our base unit and zeros in between
(see Appendix); and thereby to get the Taylor-coe�cient function of x

p
q−1f(x)

directly. We omit details here, however. Of course, nothing about Taylor-series-
to-the-left methods is incompatible with traditional techniques5, so aesthetic
purity for its own sake is generally inadvisable in any case.

5 De�nite integrals more generally

Not all de�nite integrals have domain [0,∞). Other cases, however - such as�∞
a

f(x) dx or
� b

a
f(x) dx or

� a

−∞ f(x) dx - can still be handled by combining
Taylor-series-to-the-left methods with traditional substitutions.

5providing we take care - see next section
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For example, under trivial substitutions
�∞
a

f(x) dx becomes
�∞
0

f(u+a) du;

likewise
� b

a
f(x) dx becomes

�∞
0

f(u+ a) du−
�∞
0

f(u+ b) du; and
� a

−∞ f(x) dx

becomes
�∞
0

f(−u + a) du. And similarly, integrals of the form
� 1

0
f(lnx) dx

transform, under u = − lnx, into
�∞
0

f(−u)e−u du; and so on.
In principle, then, Taylor-series-to-the-left methods can be applied, via sub-

stitution, to many de�nite integrals.
In practice, however, this may be di�cult and certain issues must be con-

sidered:

Issues: (i) Such substitutions may introduce products, quotients or composite
functions, and deriving the canonical Taylor-coe�cient function of such combi-
nations from those of the building blocks can be challenging.

For example, even for such a clean example of the form just mentioned as� 1

0
sin(ln x)

ln x dx, this becomes

� ∞

0

g(u) du where g(u) =
sin(u)

u
· e−u

and evaluating this requires us to calculate the Taylor-coe�cient function of a
product.

In this instance it can be done. We have sin(u)
u = 1 − u2

3! + u4

5! − . . . and

e−u = 1− u+ u2

2! −
u3

3! + . . ., so it is readily deduced that when m ∈ Z≥0,
∨
g(m)

is given by the �nite sum

∨
g(m) = (−1)m ·

{
1

m!1!
− 1

(m− 2)!3!
+

1

(m− 4)!5!
− . . .

}
.

Taking
∨
g(s) therefore as

∨
g(s) = cos(πs) ·

{
1

s!1!
− 1

(s− 2)!3!
+

1

(s− 4)!5!
− . . .

}

we have
∨
g(−1) = 0 and

∨
g(−1 + ϵ) = (−1) ·

{
ϵ− ϵ

3 + ϵ
5 − . . .

}
, so that

∨
g′(−1) =

(−1) ·
{
1− 1

3 + 1
5 − . . .

}
= −π

4 and thus �nally

� 1

0

sin(lnx)

lnx
dx =

π

4
.

For more complicated integrals, however - and especially those involving
composite functions - the task of isolating the relevant canonical Taylor-coe�cient
function can be considerably more delicate and di�cult. Thus Taylor-series-
to-the-left methods do not represent a panacaea. We consider elements of a
"calculus" for how Taylor-coe�cient functions behave under basic operations
(products, quotients, composition etc) in later papers in this series, to augment
the results of lemmas 1a and 1b derived earlier regarding their behaviour under
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re-scaling.

(ii) Secondly, if we apply Taylor-series-to-the-left methods within the gener-
alised Césaro-convergence framework, we must take care even with elementary
translation-substitutions since generalised Césaro limits are not translation-
invariant.6

For example, consider the case of
� 1

0
ln(Γ(x)) dx, which is known to have

value 1
2 ln(2π). This can be deduced from our earlier result for example 5(b)

where we used Taylor-series-to-the-left methods to show that
�∞
0

ln(Γ(x+1))dx =
− lnA ≈ −1.282; but only if we take care that this is a generalised Césaro eval-
uation of an otherwise classically-divergent integral, so that

�∞
0

ln(Γ(x+1)) dx
is to be interpreted as

Clim
X→∞

{� X

0

ln(Γ(x+ 1)) dx

}
= Clim

X→∞

 − lnA+ 1
2X

2 lnX + 1
2X lnX

− 3
4X

2 − ( 12 − 1
2 ln(2π))X

 .

It follows, on noting that ln(Γ(x)) = ln(Γ(x + 1)) − lnx and performing a
translation-substitution in the partial integral for the second integral, that

� 1

0

ln(Γ(x)) dx =

� ∞

0

ln(Γ(x)) dx−
� ∞

1

ln(Γ(x)) dx

= Clim
X→∞


�X

0
{ln(Γ(x+ 1))− lnx}dx

−
�X−1

0
ln(Γ(x+ 1)) dx


and this therefore becomes

Clim
X→∞



 − lnA+ 1
2X

2 lnX + 1
2X lnX

− 3
4X

2 − ( 12 − 1
2 ln(2π))X

− [X lnX −X]

−

 − lnA+ 1
2 (X − 1)2 ln(X − 1) + 1

2 (X − 1) ln(X − 1)

− 3
4 (X − 1)2 − ( 12 − 1

2 ln(2π))(X − 1)




=

1

2
ln(2π)

where this last limit has now in fact become a classical limit, as it should.

Comment: The primary purpose of this example was to show the care that
needs to be taken, in the generalised Césaro context, to apply substitutions in
partial-integrals before passing to Clim

X→∞
. The result is also interesting, how-

ever, in evaluating the integral of ln(Γ(x)) on [0, 1] not only via a mixture of

6They are dilation- and scaling-invariant, but not translation-invariant
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Taylor-series-to-the-left and generalised Césaro methods (with minimal reliance
on traditional integration techniques), but also as the value of the constant term
in Stirling's asymptotic expansion for ln(Γ(x)) as x → ∞ (which is as far from
[0, 1] as you can get!). This is another illustration of the local-to-global connect-
edness realised by this combination of methods.

6 Final remarks - Taylor series to the left and

Ramanujan's master theorem

As pointed out by Professor Sir Purun Dass7 (pers. comm.), there is a close
connection between, on the one hand, the notion of a Taylor-coe�cient function
developed in this paper and its application in conjecture 1, and, on the other,
Ramanujan's master theorem (RMT) concerning the evaluation of Mellin trans-
forms. Roughly speaking, the latter states:

Ramanujan's Master Theorem [RMT]: If f(x) can be expressed as the

series f(x) =
∑∞

n=0 ϕ(n)
(−x)n

n! for some well-behaved function ϕ(s) of a contin-

uous variable s, then we have

M[f ](s) =

� ∞

0

xs−1f(x) dx = Γ(s)ϕ(−s) (16)

for Re(s) in that region where xs−1f(x) is classically integrable on [0,∞).

Clearly ϕ(s) plays a role very similar to the Taylor-coe�cient function
∨
f(s)

and setting s = 1 in equation 16 recovers
�∞
0

f(x) dx as ϕ(−1), so that we get
the same focus on behaviour of ϕ at or near −1 in calculating this integral as

we saw for
∨
f in conjecture 1. Indeed, taking ϕ(s) = 1

cos(πs) · s! ·
∨
f(s) makes this

equivalence explicit; and the reader can see how the two approaches play out
analogously under this equivalence.

Of course, the application of the RMT in the sort of examples we have
considered often plays out a little di�erently from the approach we have taken.
For example, for the general Fresnel integral

�∞
0

sin(xn) dx discussed in example
3(b), the RMT is generally applied by setting u = xn to transform the integral

into 1
n

�∞
0

u
1
n−1 sin(u) du and then applying the RMT directly to g(u) = sin(u)

with s = 1
n . By contrast, our approach has been e�ectively to set s = 1 in the

Mellin transform and tackle the calculation of
∨
f(s) directly for f(x) = sin(xn)

using lemmas 1a and 1b.

7KCIE, DCL, Ph.D., etc, once Prime Minister of the progressive and enlightened State of

Mohiniwala, and honorary or corresponding member of more learned and scienti�c societies

than will ever do any good in this world or the next.
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Nonetheless, at core, the two approaches are closely related and so the ques-
tion arises of whether there is any value in the re-casting in terms of Taylor-
coe�cient functions which we have begun in this paper?

We believe strongly that there is value; and that the work in this paper and
the others in this set is neither redundant nor pointless. Rather, it is worth
undertaking both for its own sake, and also because it contains several aspects
which take it into new territory and yield new results beyond purely the content
of RMT (or conjectures 1-3). Speci�cally, there are four main justi�cations for
this belief:

Justi�cations: a) First, the discussion in section 2 explains morally why the
results of RMT and conjectures 1-3 hold. Presentation of the RMT often leaves
it feeling mysterious and quasi-magical, so re-casting it in a natural framework
which motivates it heuristically is valuable in and of itself.

A consequence of this is also that its re-casting via Taylor-coe�cient func-
tions and conjecture 1 then naturally connects to the extensions given in con-
jectures 2-3, and to the sort of extensions discussed in section 5, whereas such
connections are somewhat hidden in the RMT and its usual development relat-
ing solely to Mellin transforms.

(b) Beyond heuristic coherence, the re-casting in terms of Taylor-coe�cient
functions and Taylor-series-to-the-left methods via lemmas 1a and 1b also facil-
itates new techniques for evaluating integrals.

For instance, in example 3(c) and in the calculation of
� 1

0
sin(ln x)

ln x dx per-
formed in the last section, we have seen how we could calculate Taylor-coe�cient
functions and hence de�nite integrals for integrand functions which are, respec-

tively, a complicated composite function (e
− 1

1+x2 ) and a non-trivial product

( sin(u)u · e−u). It is much harder (and much less natural) to see how to perform
these calculations starting with the RMT.

In short, the focus here on Taylor-coe�cient functions,
∨
f(s), is much better-

adapted than the RMT's focus on the quantity ϕ(s) for developing a "calcu-
lus" of how these quantities behave under combination via products, quotients,
composition etc. Moreover, that calculus (which we will develop further in later
papers) lends itself naturally, as we saw in the examples just listed, to com-
binatorial and formal methods for evaluation of integrals which we believe are
essentially new. We will also develop these further - by connecting to the use of
formal symbols and formal function elements - in later papers in this set.

(c) Thirdly, we have seen that our Taylor-series-to-the-left methods and con-
jectures 1-3 in this paper all appear to extend from the domain of classical
convergence to the broader generalised Césaro convergence framework. This is
in fact true (as we will show in the third paper in this set) and represents a
signi�cant extension of the RMT as traditionally stated.

It also implies at once that the true native habitat of the Mellin transform is
likewise the lush, verdant pastures of the generalised Césaro convergence frame-
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work rather than the rocky ground and meagre grains of the �elds of classical
convergence. This we will also demonstrate in the third paper in this set. It
leads not only to a signi�cant extension of the domain of applicability of Mellin
transforms, but also to a much cleaner treatment of them - one in which many of
the technicalities and domain-restrictions of their classical treatment disappear.

(d) Finally, in the next paper in this set we will see that
∨
f(s) has very nice

properties that connect the behaviour of f(x) near 0 and ∞ simultaneously.

This, in addition to the reasons given above in (b), suggests that
∨
f(s) is in

fact the "right" quantity to study rather than ϕ(s), which does not so readily
connect with such aspects of the underlying behaviour of f(x) and so does not
seem to be much studied in its own right outside immediate applications of the
RMT.

Indeed, while there are theorems built from generalisations of the RMT
which, for example, connect the behaviour of a function of a complex variable
with simple poles of known residues at the negative integer points to the power
series expansion around x = 0 of the function essentially representing its inverse
Mellin transform (see e.g. the �nal theorem in section 10.10 of [2] for this case),
such theorems do not fall into a simple framework which renders them natural
and intuitive; they are generally beset by signi�cant technicalities regarding
growth restrictions; and they focus only on behaviour either near x = 0 (as in
the above case) or near x = ∞ as separate theorems, rather than considering
behaviour at these points simultaneously.

By contrast, in the next three papers in this series, by recasting in terms of
∨
f(s) and Taylor-series-to-the-left methodology we will derive analogous results
which are natural and intuitive; are much less technically-restrictive; and which
simultaneously connect behaviour of f(x) near x = 0 and x = ∞ in an essential
way.

7 Appendix

We noted in a comment at the end of section 4 that lemmas 1a and 1b could
be generalised slightly to cover the case of a "base unit" length other than 1, as
long as that base length still evenly divides both 1 and all the powers of x in
the integrand-function being considered. Speci�cally, this generalisation could
be stated as follows:

Lemma 1c: Suppose we have a base unit 1
q , q ∈ Z>0. Then for any n ∈ Z≥1

the function 1
n · sin(2πsq)

sin( 2πsq
n )

is smooth and has the value 1 at all the points s = j n
q

(j ∈ Z); and has value 0 at all points of the form s = k n
q , k ̸= 0 (modn). Thus

this function has value 1 at all points occurring periodically every n multiples

of the base-unit length either side of 0, and value 0 at all other points on the

lattice of base-unit length 1
q .
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This generalises lemma 1b. The corresponding generalisation of lemma 1a uses

the function 1
2n · sin(2πsq)

sin(πsq
n ) . In either case the behaviour can be shifted to the

right by p
q by replacing s with (s− p

q ) in these functions.
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