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Abstract

We conclude our series on Taylor-series-to-the-left with a miscellany of
further applications of TLA-coe�cient functions and associated methods.
First we consider the Mellin transforms of p-sum functions. We use a
simple example to show the depth of their connection to the generalised
Césaro convergence framework and hence discuss the broad applicability
of our methods in this area of analytic number theory. Next we consider
a number of new applications to integrals - including some altogether
new de�nite integral evaluations (for example for

�∞
0

e−p(x) dx for any
polynomial p(x) of arbitrary degree with positive leading coe�cient), as
well as some new connections to existing methods and results. These in
turn lead in two further directions - �rst, to an extension to integrands
with poles on the integration domain [0,∞); and secondly to a broader
discussion of the possibility of a "calculus" for TLA-coe�cient functions.
Next, we discuss open areas where the TLA-coe�cient methods we have
developed still encounter obstacles. We give simple examples illustrating
these issues, discuss some partial-explanations of the associated problems,
and try to articulate where the remaining conundra lie.1 Finally, we
conclude with a mixture of speculations of varying wildness regarding
future areas for exploration.

1 Introduction

In [XI]-[XIV] we introduced the concept of the TLA-coe�cient function,
∨
f(s),

of a given function f(x), and we developed a number of associated Taylor-series-
to-the-left methods and results.

These include lemmas for deriving the correct canonical form of the TLA-
coe�cient function from among a class of "gauge-equivalent" choices; the rela-
tionship between this canonical form and the Mellin transform of f ; integration

results relating
�∞
0
f(x)dx to

∨
f ′(−1) and associated methods for bootstrapping

Mellin transforms more generally (or indeed calculating any de�nite integral

1The plural of conundrum is conundra; were these to be posed in Siberia they would be
conundra in the tundra!
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with an integrand parametrised by a complex parameter) from this result; re-

sults relating
∨
f(s) at the integer points s = m ∈ Z to the power series for f near

0 and ∞, thereby potentially facilitating local-to-global inference; some initial
results regarding how TLA-coe�cient functions behave when taking standard
combinations (e.g. products) of the underlying functions; and miscellaneous
other examples and results extending these.

Across all of these developments, an overarching theme has been the demon-
stration that the right context for all these results is not classical, but rather
generalised Césaro, convergence - so that all Mellin transform theory, all de�-
nite integrals and all the results in [XI]-[XIV] should be understood as existing
within the generalised Césaro convergence framework.

Here we conclude this set of papers on Taylor-series-to-the-left with a mis-
cellany of further applications.

In section 2 we start by considering an important class of Mellin transforms
- those of p-sum functions σ(x). These arise critically in many areas of number
theory, in particular the theory of the Riemann zeta function, ζ(s). Since p-sum
functions on [0,∞) are identically zero in a neighbourhood of 0, the values of
∨
σ(s) (or equivalently the residues of the poles of M[σ](s)) at s = m ∈ Z will
automatically tell us about the asymptotic behaviour of σ(x) as x→ ∞, which
is of acute interest.

In section 2.1 we �rst review a number of important such p-sum functions
- J(X), π(X), R(X) and ψ(X) - and discuss how results concerning them and
their Mellin transforms are currently understood, and how this might change in
moving to the generalised Césaro convergence framework and applying Taylor-
series-to-the-left methods.

After developing the necessary formulae for a p-sum function in general in
section 2.2, we then consider in depth in section 2.3 a simple example, but one
which clearly illustrates the connection between the TLA-coe�cient function
and associated Mellin transform of a p-sum function and its asymptotic be-
haviour - and demonstrates how this expresses itself in a completely new way
within the generalised Césaro framework.

Based on this we then return in section 2.4 to the examples from section 2.1.
We show that von Mangoldt's famous formula for ψ(X) follows trivially under
our Taylor-series-to-the-left approach, but now as a strong Césaro asymptotic
result; and we discuss how this might in turn be coupled with our theory of
Césaro arrays (from [IV]-[VI]) to �nd an alternative expression for ψ(X). We
brie�y consider J(X) and π(X) in the same light and then also analyse a new
example - that of the p-sum function of the Möbius function, which leads to an
interesting new perspective. Finally, we consider brie�y the Mellin transform of
the p-sum function of a strongly-periodic sequence, and possible connections to
the results of [VI].

In section 3 we then change tack and consider a series of new examples
illustrating the application of our results in the calculation of de�nite integrals,�∞
0
f(x) dx.
Having seen in [XI] the close connection of our key integration result to
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Ramanujan's master theorem (RMT), our �rst example shows that it likewise
provides an alternative approach for evaluating integrals which otherwise require
Feynman's trick and the solution of a di�erential equation.

Our second example set then considers closed-form evaluation of integrals of

the form
�∞
0

e
−xn

1+x2 dx, which would otherwise be di�cult to calculate other than
numerically.

Finally, in our third example set we derive a closed-form formula for
�∞
0

e−p(x) dx,
where p(x) is any polynomial of arbitrary degree with positive leading coe�-
cient. Such formulae are well-known for the simplest cases of degree 1 and 2
and can be readily found in compendiums like [1], but the general formula we
derive for degree n ≥ 3 does not appear to be included in such places and may,
indeed, be entirely new.

In section 4 we then extend the Taylor-series-to-the-left methodology we
have developed for Césaro-convergent de�nite integrals

�∞
0
f(x)dx in a di�erent

direction - namely to cover also the case where f(x) has pole-singularities on
the integration domain [0,∞). We show how generalised Césaro convergence,
together with de�nition via the Cauchy principal value, leaves all our integration
results from [XI]-[XIV] in tact. We show further that if we avoid issues at such
poles by instead amending the integration contour to go around them, this
simply corresponds within our approach to making a di�erent gauge-choice for
the TLA-coe�cient function we use.

In some of the examples from section 3 (as in some examples in previous
papers) we rely on what is e�ectively a "product rule" for obtaining the TLA-
coe�cient function of a product function from the TLA-coe�cient functions of

the individual functions in the product (i.e. for obtaining
∨
h(s) from

∨
f(s) and

∨
g(s) where h(x) := f(x) ·g(x)). In section 5 we consider more generally whether
this might merely constitute the �rst component of a broader set of such rules
comprising a "calculus" of TLA-coe�cient functions.

Such a calculus would be very valuable and might, in many cases, provide
a more tractable set of rules to use for calculation as an alternative to the
corresponding set of rules already known for Mellin transforms.

We begin some explorations in this direction and consider a number of ex-
amples. These raise the possibility that formal symbols and formal function
elements (as introduced in [III]) may have a useful role to play in any such
calculus.

In the course of these explorations, however, we soon come up against ex-
amples which demonstrate the limits of the theory we have developed so far in
[XI]-[XIV]. In section 6 we consider one such example in detail and, based on
it, we consider also a related example which highlights some of these di�culties
in sharper relief.

Arising from this we note certain ideas which may partially resolve these
di�culties, but we also articulate in detail where we feel these explanations
remain unsatisfactory and where mysteries remain. We relate these issues to
some broader speculations regarding the interpretation of the TLA-function in
general and conclude with some thoughts on how we might proceed from here.
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Finally, since this is the last in this set of papers on Taylor-series-to-the-left
methods, we conclude in section 7 with a brief (and at times wildly speculative!)
collection of stray thoughts and observations.2 These cover where things stand
and what possible future avenues of exploration might exist using these ideas
and methods.

1.1 Final notes

We thank Prof Otis Yeere of teh Ka�ristan Institute of Mathematics (KIM)
and his mentor, Prof G.O.T.C. Headings for a number of helpful suggestions
and reminders (pers. comm.); and we dedicate this paper to them for their
many insights of enduring relevance.

2 Generalised Césaro convergence, and Mellin trans-

forms of p-sum functions

Partial sum functions - on the one hand, their Mellin transforms and on the
other, their asymptotic growth and behaviour as x→ ∞ - are of critical interest
in analytic number theory and especially in the theory of the Riemann zeta
function.

2.1 p-sum functions in the theory of ζ - examples and

connections to Césaro methods

We begin by quickly reviewing three examples - the functions J(x), π(x), and
ψ(x) - summarising their importance and current treatment. In each case, we
then make brief comment on how that treatment might be amended in light
of our Taylor-series-to-the-left theory and the generalised Césaro framework.
Readers familiar with these functions and their classical treatment can easily
skip the summaries and just note the commentary attached to each case.

Example (1) [J(x)]: A central function in the theory of ζ is the function
J(x). Let dJ(x) be the Stieltjes measure with weight 1

n at each prime power
pn, so that J(x) is the p-sum function

J(x) :=
∑
pn<x

1

n
.

Then by the Euler product formula, which says that

log(ζ(s)) =
∑
p

{ ∞∑
n=1

(
1

n

)
p−ns

}
2Actually, while some of the ideas canvassed are highly speculative, others are relatively

well-founded and are buttressed by new example calculations including one, for example,
investigating an interesting formula of Ramanujan.

4



we have that

log(ζ(s)) =

� ∞

0

x−sdJ(x) = s ·
� ∞

0

J(x) · x−s−1dx (Re(s) > 1). (1)

Thus log(ζ(s))
s is the Mellin transform M[J ](−s)3. Traditional Mellin inver-

sion as

J(x) =
1

2πi
·
� a+i∞

a−i∞

log(ζ(s))

s
xsds (a > 1) (2)

then gives us a formula for J(x) in terms of log(ζ(s)).
But the functional equation for ζ together with the Hadamard expression

for ζ(s) as a product over its roots (namely that ξ(s) = ξ(0) ·
∏
ρ∈NT

(
1− s

ρ

)
where ξ(s) :=

(
s
2

)
! · π− s

2 · (s− 1) · ζ(s) as usual) gives an alternative expression
for log(ζ(s)) as

log(ζ(s)) = log(ξ(0))+
∑
ρ∈NT

log(1− s

ρ
)− log

(
(
s

2
)!
)
+
s

2
log π− log(s− 1) . (3)

Integrating by parts in equation 2 gives that

J(x) = − 1

2πi
· 1

log x
·
� a+i∞

a−i∞

d

ds

[
log(ζ(s))

s

]
xsds (a > 1) (4)

and by than applying equation 3 Riemann deduced his famous formula that

J(x) = Li(x)−
∑

Im(ρ)>0

[
Li(xρ) + Li(x1−ρ)

]
−

∞∑
m=1

Li(x−2m)− log 2

= Li(x)−
∑

Im(ρ)>0

[
Li(xρ) + Li(x1−ρ)

]
+

� ∞

x

dt

t(t2 − 1) log t
− log 2

(5)

for x > 1. Here Li(x) is the Cauchy p.v. across t = 1 of the integral
� x
0

1
log t dt

and Li(xρ) is interpreted as Ei(ρ log x).

Comment [Current understanding and extension]: We see that the p-
sum function J(x) and its Mellin transform are intimately connected with ζ
and the process of Mellin inversion leads directly to deep results like equation
5 regarding the distribution of prime numbers.

Of course the derivation outlined above goes back to Riemann and uses
traditional de�nitions and techniques for applying the Mellin operator and its
inverse. This means it comes with all the attendant need for care re classical
convergence and associated restrictions on domains for a, x and so forth which
that entails.

3or ⟨J(x) | xs⟩ in the quasi-inner-product terminology we introduced in [XIII]
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However, in light of our results in [XI] - [XIV] it would be interesting to
consider how this might be alternately understood - and perhaps extended - in
light of our extension of the natural setting of Mellin transform calculations from
classical to generalised geometric Césaro convergence; and given the alternative
pathway that now exists for performing Mellin inversion via TLA-coe�cient
functions rather than via line integrals like 2 or 4. We will discuss these possi-
bilities in more detail after considering example 2.

Example (2) [π(x)]: Likewise, if we consider the p-sum function π(x) :=∑
p<x 1, which counts the primes less than x and is thus even more directly

related to the distribution of primes, then we have

J(x) = π(x) +
1

2
π(x

1
2 ) +

1

3
π(x

1
3 ) + . . .+

1

n
π(x

1
n ) + . . . (6)

which is a �nite sum for any given x. Möbius inversion thus leads to the ex-
pression

π(x) =

∞∑
n=1

µ(n)

n
J(x

1
n )

= J(x)− 1

2
J(x

1
2 )− 1

3
J(x

1
3 )− 1

5
J(x

1
5 ) +

1

6
J(x

1
6 )− 1

7
J(x

1
7 )− . . .(7)

and by invoking result 5 and formally reversing the order of summation, we
obtain Riemann's famous formula for π(x), namely that for x > 1

π(x) = R(x)−
∑

Im(ρ)>0

[
R(xρ) +R(x1−ρ)

]
−

∞∑
m=1

R(x−2m)

= R(x)−
∑

Im(ρ)>0

[
R(xρ) +R(x1−ρ)

]
+

1

π
tan−1

(
π

log x

)
− 1

log x
(8)

Here R(x) is formally de�ned by

R(x) =

∞∑
n=1

µ(n)

n
Li(x

1
n ) (9)

which has the Gram's series expansion

R(x) = 1 +

∞∑
k=1

(log x)k

k · k! · ζ(k + 1)
for x > 1 . (10)

Comment [Current understanding and extension]: Here again, while the
results sketched above are classical and long-established, it would be interesting
to re-assess them in light of the generalised geometric Césaro framework devel-
oped in [XI] - [XIV]. For example, in equation 8 the sums

∑
Im(ρ)>0R(x

ρ) and
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∑
Im(ρ)>0R(x

1−ρ) - and likewise in equation 5 the sums
∑
Im(ρ)>0 Li(x

ρ) and∑
Im(ρ)>0 Li(x

1−ρ) for J(x) - need to be combined so as to pair terms corre-
sponding to ρ and 1 − ρ in order to make sense of these formulae; and even
then the combined sum in each case is only conditionally convergent within the
classical convergence framework.

It would be interesting instead to consider these sums independently as geo-
metric generalised Césaro sums, taking account of the locations of the NT-roots
ρ and 1− ρ (cf our earlier work in [VII] - [X]); and also to consider how the re-
versal of order of summation undertaken to pass formally from functions Li(x

ρ
n )

to R(x
ρ
n ) plays out in this context when treated more carefully via generalised

Césaro arrays (see [IV] - [VI]).
It is similarly interesting to reconsider the Gram's series 10 in light of our

discussion of TLA-coe�cient functions and the interpretation of their extension
to the left for k ∈ Z≤0.

Example (3) [ψ(x)]: Finally, by mirroring what was done for J(x) but instead
working with the function ψ(x) :=

∑
pn<x log p =

∑
n<x Λ(n) and its associated

Stieltjes measure dψ(x) = (log x)dJ(x), we can obtain an alternative formula
analogous to equation 1, namely that

ζ ′(s)

ζ(s)
=

d

ds
(log(ζ(s))) =

d

ds

� ∞

0

x−sdJ(x) = −
� ∞

0

x−s log(x)dJ(x)

= −
� ∞

0

x−sdψ(x) = −s
� ∞

0

ψ(x)x−s−1 dx = −s · M[ψ](−s) (11)

This is in fact cleaner to work with than equation 1 because ζ′(s)
ζ(s) has simple

poles rather than log-singularities and branch cuts (as occur for log(ζ(s)) at all
the generalized roots of zeta (i.e. at its trivial and non-trivial roots and at its
pole at s = 1).

This makes the Mellin inversion to obtain ψ(x) as 1
2πi ·

� a+i∞
a−i∞

[
− ζ′(s)
ζ(s)

]
xs dss

more tractable on combining with Hadamard's product formula for ζ, and leads
instead to von Mangoldt's famous formula as a result analogous to equation 5,
namely that for x > 1

ψ(x) = x−
∑
ρ∈NT

xρ

ρ
+

∞∑
m=1

x−2m

2m
− ζ ′(0)

ζ(0)
. (12)

Comment [Current understanding and extension]: Once again, while
this is a long-established result, making sense of the sum

∑
ρ∈NT

xρ

ρ relies on
pairing non-trivial roots ρ and 1− ρ and is even then only conditionally conver-
gent classically. As such, re-examining it as two independent sums,

∑
Im(ρ)>0

and
∑
Im(ρ)<0, within the generalised geometric Césaro context would be inter-

esting; and it would likewise be interesting to attempt an alternative derivation
of equation 12 from equation 11 by inverting the Mellin transform not using the

line integral
� a+i∞
a−i∞ as done by von Mangoldt, but rather by working with the
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associated TLA-coe�cient function for ψ(x) and invoking the sort of arguments
and results developed along these lines in [XI] - [XIII]. We go part way towards
this Taylor-series-to-the-left re-derivation for ψ(x) in section 2.4.

With these three examples as inspiration (or perhaps more as aspiration),
let us turn brie�y to considering these Taylor-series-to-the-left methods - and
speci�cally our results from [XI]-[XIII] for Mellin transforms and TLA-coe�cient
functions within the generalised Césaro framework - in the context of their
application to p-sum functions.

The discussion which follows in the rest of this section will initially consider
in detail much simpler cases than those canvassed in examples (1)-(3) above,
but these will enable us to cleanly demonstrate the intimate interaction between
generalised Césaro convergence results and the behaviour of p-sum functions and
their Mellin transforms.

This in turn will allow us to discuss in sharpened form some of the questions
raised in the discussion of (1)-(3) above. Indeed in section 2.4 we will return ex-
plicitly to consider the case of ψ(x) and also the new case of σµ(x) :=

∑
j<x µ(j)

and the closely-related question of p-sum functions of strongly-periodic se-
quences.

Hopefully all of this will convince the reader of the value of reconsider-
ing p-sum functions and their Mellin transforms using Taylor-series-to-the-left
methods and the results of [XI]-[XIII]; and in turn, of re-assessing many of the
key sums and formulae in the existing theory of the Riemann zeta function us-
ing tools - such as geometric generalised Césaro summation, Césaro arrays, and
TLA-coe�cient functions extended both left and right - which we developed in
our earlier sets of papers on generalised Césaro convergence and in the previous
papers in this set.

2.2 Mellin transforms and TLA-coe�cient functions for

p-sum functions in general

Suppose σ(x) is a p-sum function on [0,∞). By this we mean a step-function
with �nite steps of height an at a distinct, positive, increasing sequence of points
{xn}∞n=1, with xn → ∞ as n→ ∞; so that σ(x) can be written as

σ(x) =
∑
xn<x

an . (13)

Here, and in all that follows, this characterisation holds exactly for generic
x ∈ [0,∞) \ {xn}∞n=1; and when x = xN coincides with a step-point we mean

that σ(xN ) = 1
2 limϵ→0 [σ(xN − ϵ) + σ(xN + ϵ)] =

∑N−1
j=1 aj +

1
2aN so as to

"split the di�erence" in the usual way.
Then σ(x) is identically zero in a neighbourhood of 0 and if the growth of

σ(x) is su�ciently controlled as x→ ∞, e.g. σ(x) = O(xβ) for some β ∈ R, its
Mellin transform

M[σ](s) :=

� ∞

0

σ(x) · xs−1 dx (14)

8



is classically well-de�ned on the half-plane Re(s) < −β and can be trivially
extended to all of C (with possible singularities) under the generalised Césaro
convergence framework.

For this natural Césaro interpretation we consider
�X
0
σ(x) · xs−1 dx. Using

integration by parts we have that

� X

0

σ(x) · xs−1 dx =

[
xs

s
· σ(x)

]X
0

− 1

s

� X

0

∑
j

ajδxj
(x) · xs dx

=
1

s
Xsσ(X)− 1

s

∑
xj<X

ajx
s
j (15)

and M[σ](s) is de�ned as the generalised Césaro limit as X → ∞ of this ex-
pression.

As derived in [XI]-[XIII], the TLA-coe�cient function of σ is then given by

∨
σ(s) = −M[σ](−s) · sin(2πs)

2π
. (16)

Since σ is identically zero in a neighbourhood of 0, the main result from section

2.3 of [XIII] (which relates the integer values of
∨
σ(s) simultaneously to the

coe�cients of the power series for σ near 0 and near ∞), then tells us that

in this case the values
{

∨
σ(m)

}
m∈Z

give the coe�cients of the power series

describing σ(x) as x→ ∞. Speci�cally,

σ(x) = −
∞∑

m=−∞

∨
σ(m)xm as x→ ∞ (17)

where we expect
∨
σ(m) to be identically zero for all su�ciently large m.

In fact, the result we have relied on here from [XIII] pre-supposes that the
function being considered, f(x), has clean power series involving only integer
powers of x for x near 0 and near ∞ and a Mellin transform M[f ](−s) with
no poles at any s ∈ C \ Z. This ensures that its only Mellin transform poles lie

at points m ∈ Z where
∨
σ(m) picks up the associated residue, and this residue

represents the di�erence between the coe�cients of xm in the power series for
f around x = 0 and x = ∞ respectively.

If, more generally, M[f ](−s) also has a pole at s = ρ /∈ Z with residue cρ,
then this will still correspond to the presence of a term xρ in the power series for
f(x) either around 0 or around ∞ or around both; and if f is a p-sum function
then this term cρx

ρ will be attributable entirely to the asymptotic expansion as
x→ ∞.

However, in such cases, the TLA-coe�cient function no longer isolates this,

since sin(2πs)
2π no longer has a zero at s = ρ to cancel o� the pole of M[f ](−s)

there and leave the residue cρ. In such cases it is therefore easier to work with
the Mellin transform and its poles and residues directly, rather than passing to
the TLA-coe�cient function.
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Bearing in mind this extension, let us now consider the Mellin transforms of
some example p-sum functions in detail, starting from the simplest of cases in
order to see in detail how the generalised Césaro character of such calculations
manifests itself and how it relates to the power series asymptotics of the p-sum
function itself.

2.3 Examples illustrating the generalised Césaro charac-

teristics of Mellin transforms of p-sum functions and

what these imply for their behaviour as x → ∞
Case (i): Let σ0(x) be the simplest of all p-sum functions σ0(x) :=

∑
j<x 1.

Then equation 15 gives that

� X

0

σ0(x) · xs−1 dx =
1

s
Xs(X − α)− 1

s
·
k∑
j=1

js

on setting xj = j and aj = 1 for all j, and writing X = k + α in the usual way.
Now recall from [I]-[III] that

k∑
j=1

js =
Xs+1

s+ 1
+ ζ(−s)−R(X; s) (18)

where R(X; s) is strongly Césaro-asymptotic to zero as X → ∞ via the pure
power of the Césaro operator, PFloor(Re(s))+1. Recall likewise that both Xs+1

and Xsα are also Césaro-asymptotic to zero (see [III]). It follows that we have

� X

0

σ0(x) · xs−1 dx
C∼ −ζ(−s)

s
(19)

and taking Césaro limits we have that

M[σ0](s) = −ζ(−s)
s

and therefore −M[σ0](−s) = −ζ(s)
s

. (20)

Now consider this formula. Since ζ(s) has a single pole at s = 1 with residue
1, so −M[σ0](−s) has just two poles - one at s = 1 with residue −1 and one
at s = 0 with residue −ζ(0) = 1

2 . The TLA-coe�cient function of σ0(x) is
∨
σ0(s) = − ζ(s)

s · sin(2πs)
2π and it follows that for integer m this has

∨
σ0(m) =


1
2 , m = 0

−1 , m = 1

0 , else.

(21)

Since σ0 is identically zero in a neighbourhood of 0 it follows �nally per equation
17 that we should have

σ0(x) = x− 1

2
as x→ ∞ . (22)
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In what sense is this true? The answer is that, by equation 18 when s = 0, it

is true in precisely a strong generalised Césaro sense, i.e. σ0(x)
C≃ x− 1

2 meaning
that

σ0(x) = x− 1

2
+R0(x) where R0(x)

C≃ 0 (23)

as x→ ∞ via a pure power of P .
This is reasonable in light of our observation in [XIII] that the generalised

geometric Césaro convergence framework is the right setting for all analysis
of Mellin transforms and TLA-coe�cient functions, and for all integration and
power series analysis of functions around 0 and ∞; and given that strong Césaro
convergence to zero may still entail residual complex oscillatory behaviour that
does not correspond to any explicit power-divergence.

Indeed, since the poles and residues at the points s = 0 and s = 1 alone give
rise to the power components x− 1

2 in this expansion, we surmise that this com-
plex oscillatory residual term R0(X) in some sense represents a superposition
of powers xs from all the remaining continuum of s-values where M[σ0](−s) is
non-singular, although how this hypothetical superposition might actually be
understood concretely in detail is unclear.

Does this way of interpreting things continue to hold true for other p-sum
functions?

Case (ii): Let us consider next the p-sum function σ1(x) :=
∑
j<x j. By

equation 15 we have, in this case, that

� X

0

σ1(x) · xs−1 dx =
1

s
Xs ·

{
1

2
(X − α)2 +

1

2
(X − α)

}
− 1

s
·
k∑
j=1

js+1

and from equation 18 we have that

k∑
j=1

js+1 =
Xs+2

s+ 2
+ ζ(−s− 1)−R(X; s) .

Here R(X; s)
C≃ 0 as X → ∞ via PFloor(Re(s))+2, while by [III] we know that

all of Xs+2, Xs+1, Xs+1α, Xsα2 and Xsα are also Césaro convergent to zero.
It follows that � X

0

σ1(x) · xs−1 dx
C∼ −ζ(−s− 1)

s
(24)

and taking Césaro limits we have that

M[σ1](s) = −ζ(−s− 1)

s
and therefore −M[σ1](−s) = −ζ(s− 1)

s
.

(25)
Thus −M[σ1](−s) again has two poles - one at s = 0 with residue −ζ(−1) =

1
12 , the other at s = 2 with residue − 1

2 . And thus for integer m the TLA-
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coe�cient function of σ1, namely
∨
σ1(s) = − ζ(s−1)

s · sin(2πs)
2π , satis�es

∨
σ1(m) =


1
12 , m = 0

− 1
2 , m = 2

0 , else.

(26)

Since σ1 is identically zero in a neighbourhood of 0 we conclude, either from

equation 17 applied to
∨
σ1(s) or directly from the poles and residues of−M[σ1](−s),

that σ1(x) has the asymptotic power series expansion

σ1(x) =
1

2
x2 − 1

12
as x→ ∞ . (27)

As in case (i), this is again true exactly in a strong generalised Césaro asymp-
totic sense, since equation 18 with s = 1 says precisely that

σ1(x) =
1

2
x2 − 1

12
−R1(X) where R1(X)

C≃ 0 (28)

via P 2.
In other words, for this p-sum function also, the poles and residues of its

Mellin transform (or alternatively the integer values of its TLA-coe�cient func-
tion) give the correct asymptotic power series expansion for it as x→ ∞, as long
as this is understood in a generalised geometric Césaro sense - i.e. as holding
modulo a remainder function which is strongly Césaro asymptotic to zero (and
which can perhaps be understood as representing some sort of superposition
arising from all the non-singular values of the Mellin transform at s ∈ C\{0, 2}).

Case (iii): Finally, consider the general case here of σν(x) :=
∑
j<x j

ν , ν ∈ C.
Then the logic applied in cases (i) and (ii) works in identical fashion and we end
up with � X

0

σν(x) · xs−1 dx
C∼ −ζ(−s− ν)

s
. (29)

Thus

M[σν ](s) = −ζ(−s− ν)

s
and therefore −M[σν ](−s) = −ζ(s− ν)

s
(30)

and −M[σν ](−s) again has precisely two poles - one at s = 0 with residue
−ζ(−ν), the other at s = ν + 1 with residue − 1

ν+1 .
Since generically ν + 1 /∈ Z, passing to the TLA-coe�cient function in this

case does not allow direct invocation of equation 17 and so is not productive.
However, as discussed earlier and as seen in cases (i) and (ii) we can still simply
work directly from the poles and residues of −M[σν ](−s) to conclude that σν(x)
has the asymptotic expansion

σν(x) =
xν+1

ν + 1
+ ζ(−ν) as x→ ∞ . (31)

12



This again re�ects exactly the generalised Césaro asymptotic nature of σν(x),
since by equation 18 with s = ν we know that

σν(x) =
xν+1

ν + 1
+ ζ(−ν)−Rν(X) where Rν(X)

C≃ 0 (32)

via PFloor(Re(ν))+1.
Thus the poles and residues of the Mellin transform of σν do give the correct

asymptotic power series expansion for σν(x) as x → ∞ as long as we always
understand this modulo a residual remainder function which is strongly Césaro-
asymptotic to zero (and which may be interpretable as some form of mysterious
superposition of powers xs over the continuum of s-values outside this set of
poles).

2.4 Revisiting the Key p-sum functions from the theory

of ζ

Having arrived at this general understanding, let us reconsider the key p-sum
functions considered in examples (1)-(3) in section 2.1, in particular the case of
ψ(x) in (3).

Revisiting example (3) [ψ(x)]: The classical derivation of von Mangoldt's
formula

ψ(x) = x−
∑
ρ∈NT

xρ

ρ
+

∞∑
m=1

x−2m

2m
− ζ ′(0)

ζ(0)
(33)

involves extensive complex integration and careful estimation. Can it be ap-
proached instead via the treatment of Mellin transforms of p-sum functions
developed in this section?

Well, by equation 11 we know that the Mellin transform of ψ(x) is given by

−M[ψ](−s) = ζ ′(s)

sζ(s)
. (34)

Now ζ′(s)
ζ(s) has simple poles precisely at the roots and pole of zeta, each with

residue 1 if a root or −1 if a pole. So the poles of −M[ψ](−s) occur at (a) the
pole of zeta at s = 1 with residue −1, (b) the trivial roots of zeta at s = −2m
(m ∈ Z>0) with residues − 1

2m , (c) the NT-roots of zeta s = ρ with residues 1
ρ

and (d) the point s = 0 with residue ζ′(0)
ζ(0) .

But then it follows at once by the theory we have developed in this section
that ψ(x) should have the asymptotic expansion

ψ(x) = x−
∑
ρ∈NT

xρ

ρ
+

∞∑
m=1

x−2m

2m
− ζ ′(0)

ζ(0)
as x→ ∞ . (35)

We see that our theory, using the results from [XI]-[XIII] and their application to
p-sum functions here, in fact recovers the full von Mangoldt formula immediately
- and seemingly with almost no e�ort - at least as an asymptotic result.

13



It is worth, however, parsing the di�erences in these two formulations. Von
Mangoldt's result is an exact result provided that the sum over NT-roots is
taken with the roots at ρ and 1 − ρ paired in advance and with the combined
sum then taken under conditional convergence over all Im(ρ) > 0.

By contrast, our theory tells us that formula 35 is true as a strong Césaro
asymptotic statement, i.e. modulo a residual remainder function Rψ(x) which
satis�es that PN [Rψ](x) converges classically to zero as x → ∞ for some su�-
ciently high power, N , of the Césaro averaging operator.

Comment: Understanding the interaction between these two formulations
would be very interesting. In particular, how does the process of pairing roots
in the classical approach impact the formation of the components of Rψ(x) -
which in the Césaro framework would instead consist of two independent geo-
metric sums over Im(ρ) > 0 and Im(ρ) < 0, each taking account of the location
of the NT-roots. In particular how does it lead to the partial cancellation of
these components when paired, so as to leave an exact formula, at least in a
conditionally convergent sense?

Alternatively, it would likewise be very interesting to consider the RHS of
equation 35 directly in a generalised Césaro sense by expanding each power of x

as xν =
∑∞
n=0

νn(log x)n

n! and using the methodology of Césaro arrays developed
in [IV]-[VI] to reverse the order of the summations over roots of ζ and over n.

In doing so it is tempting to imagine, based on the generalised root identities
for ζ for µ ∈ Z≤1 and s0 = 0, that all the component-1 pieces at each "height"
should be identically zero, leaving us only to re-assemble the component-2 pieces
arising from non-trivial Césaro eigenfunction divergences at these heights. How-
ever, this would be a mistake.

In this case we wish to add in each power (x, xρ or x−2m) geometrically at

the corresponding root (1, ρ or −2m) in the complex plane. By contrast, the
root identities for ζ with s0 = 0 entail adding in each term at the negative of
the associated root in C (i.e. at −1, −ρ or 2m). As such, since the geometric
location of summands is critical in geometric generalised Césaro theory, we
cannot simply quote the root identities for ζ for this Césaro array computation.

Nonetheless, the corresponding computations for the case we are now inter-
ested in can be carried out in a fashion analogous to that undertaken in [VII]-[X]
under the assumption of the Riemann hypothesis (RH).

When we do so we still obtain a simple, elegant formula for these component-
1 pieces. Moreover, we �nd that the non-trivial Césaro eigenfunction divergences
which form the component-2 pieces at each height can seemingly be re-combined
in a concise way as a pair of generalised Césaro integrals over the positive and
negative halves of the critical line - speci�cally as integrals of the function xw

w

against the measures given, respectively, by d

dw

(
ln

(
e
∓ iπ

2
wΓ(w)

(2π)w

))
dw.

These Césaro array developments seem to us4 both extremely interesting
and extremely promising. We have not, however, quite succeeded thus far in

4the author and Otis Yeere (pers. comm.)
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overcoming a number of residual calculational anomalies and thereby arriving
at a �nal new formula for ψ(x) (modulo RH) which could be investigated nu-
merically for correctness. We hope to take up this calculation in a future paper.

Brie�y revisiting examples (1) and (2) [J(x) and π(x)]: In a similar fash-
ion, it is also interesting to apply this TS-to-the-left perspective to the other
two key p-sum functions, J(x) and π(x), from (1) and (2). In these cases the
presence of log-singularities in the Mellin transforms leads to terms of the form
Li(x), Li(xρ) and Li(x−2m), rather than simply powers (x, xρ, x−2m). But the
question of relating, on the one hand, the pairing of NT-roots and the condi-
tional convergence of resulting sums to, on the other, the presence of residual
remainder pieces strongly Césaro asymptotic to zero under our TS-to-the-left
perspective, remains of great interest. As does the possibility of expanding Li(x)
as an asymptotic series in x

(log x)n and then using Césaro arrays to tackle the

reversal of order of summation over roots and over n with a view to potentially
identifying new expressions for J(x) and π(x).

A new example (4) [σµ(x)]: We conclude our consideration of p-sums in
the theory of ζ with one further important example. Let σµ(x) :=

∑
j<x µ(j)

where µ is the well-known Möbius function. Then

� X

0

σµ(x) · xs−1 dx =
1

s
Xsσµ(X)− 1

s

∑
j<X

µ(j)js .

Now in this case we do not have a generalised Césaro expression either for
σµ(X) or for

∑
j<X µ(j)j

s, but it is clear that for Re(s) < −1, 1
sX

sσµ(X) → 0

classically as X → ∞. And since for such s we also have that 1
s

∑
j<X µ(j)j

s →
− 1
s

1
ζ(−s) by Möbius inversion, it follows that we have

−M[σµ](−s) = −1

s

1

ζ(s)
. (36)

This holds initially for Re(s) < −1 but then extends by analytic continuation
to hold as a generalised Césaro result for all s ∈ C.

Now − 1
s

1
ζ(s) has poles at (a) s = −2m with residues 1

2mζ′ (−2m)
and at (b)

s = ρ ∈ NT with residues −1
ρζ′ (ρ)

and (c) at s = 0 with residue −1
ζ(0) = 2, but

(unlike for the Mellin transform of ψ) no pole at s = 1.
We therefore hypothesize that in a strong Césaro sense we should have

σµ(x)
C≃

∑
ρ∈NT

xρ

ρζ ′(ρ)
−

∞∑
m=1

x−2m

2mζ ′(−2m)
− 2 as x→ ∞ . (37)

The fact that there is no pole at s = 1means that σµ(x) has no x
1-divergence,

unlike ψ(x). Its most "divergent" pieces are those arising from the poles at
NT-roots ρ, which have an oscillatory character and are thus subject to much
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cancellation - in keeping with the fact that the terms µ(j) in the p-sum for σµ(x)
are ±1, so that σµ(x) is quasi-alternating.

Note that in writing equation 37 for σµ(x) we have assumed that none of
the expressions ζ ′(ρ) are zero, or equivalently that all the NT-roots of zeta are
simple roots of order 1. If any of them are in fact double-roots or roots of higher
order, then these would immediately correspond in equation 36 to poles of order
2 or higher in −M[σµ](−s) and σµ(x) would then instead gain power-log terms
of the form xρ(log x)m for some m ∈ Z>0 in equation 37.

Example (v): We conclude this series of examples and this section with a
very brief discussion of a separate interesting avenue of exploration regarding
p-sum functions, their Mellin transforms and their asymptotics as x→ ∞.

In [V] we considered in detail series
∑∞
j=1 aj as the discrete generalised

Césaro limits of p-sum sequences σk :=
∑k
j=1 aj . Where these are "strongly pe-

riodic" we were able to deduce a number of results about the discrete generalised
Césaro values of sums of the form

∑∞
j=1 ajj

s and hence derive by generalised
Césaro means several well-known theorems regarding exponential sums.

Now the expression
∑∞
j=1 ajj

s would turn up naturally in the limit as X →
∞ from applying equation 15 to the p-sum function σ(x) :=

∑k
j=1 aj . Since

this is the continuous version of the p-sum sequence σk :=
∑k
j=1 aj which we

started with, it is natural to consider the Mellin transform of such a p-sum
function σ(x); and also whether there are any resulting implications regarding
its asymptotic behaviour as x → ∞ which might arise from understanding the
poles and residues of −M[σ](−s).

In doing so, however, it would be important to note that all our discussion
of Mellin transforms of p-sum functions in this section has been undertaken
within the continuous generalised Césaro framework. In [V], by contrast, most
of the working and results were obtained within the discrete generalised Césaro
framework. In subsection 3.3 in [V] we noted some of the di�erences in analysis
which would arise were we to move from the discrete to the continuous Césaro
framework, and these would of course have to be incorporated in calculating
and interpreting our Mellin transforms.

We shall not delve any further or explore any such examples in detail in
this paper, but will again hope to return to such considerations in a future
paper. But we do consider it an interesting avenue to explore further and we
wholeheartedly encourage readers to also jump on board this train and see where
it might lead. Should there be any readers so moved, we would be delighted
to collaborate with them in this venture - and we suggest meeting at Marwar
junction and proceeding to the Degumber states to hatch plans5.

5Alternatively, simply contacting the author to propose such a collaboration might work
equally well.
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3 Miscellaneous further Taylor-series-to-the-left

results for integration

In this section we consider a miscellany of new integration results obtainable
by Taylor-series-to-the-left methods - results which are either beautiful in their
own right or where alternative approaches are hard to identify. We start with
an example showing that Taylor-series-to-the-left methodology can sometimes
provide a more direct alternative to the use of Feynman's trick.

Example Set 1 [
�∞
0

e−x
2 · cos(αx)dx]: Integrals like

�∞
0

e−x
2 · cos(3x) dx

or
�∞
0

e−x
2 · cos(4x)dx are traditionally handled by Feynman's trick - to wit:

introduce a parameter α and consider
�∞
0

e−x
2 · cos(αx) dx as a function f(α);

�nd a di�erential equation for f (in this case that f ′(α) = −α
2 f(α)) by di�er-

entiating under the integral w.r.t. α and using integration by parts; solve to get

f(α) = Ce−
α2

4 and calculate C from the known value in the case of α = 0 to

obtain f(α) =
√
π
2 e−

α2

4 ; hence evaluate the cases of interest as f(3) or f(4) etc.
Instead we can attack this directly using our methods from [XI]-[XIII], in

particular lemma 1a from [XII] regarding TLA-coe�cient functions of products.

Let f(x) = e−x
2

and g(x) = cos(αx) so that h(x) := f(x) · g(x) is our
integrand. Then we have

∨
f(s) = cos(πs) · cos(πs

2
) · 1

( s2 )!
and

∨
g(s) = cos(πs) · cos(πs

2
) · α

s

s!

and in both cases, the integer-values of these TLA-coe�cient functions arise
entirely from their f0 and g0 components, i.e. f∞(m) ≡ 0 and g∞(m) ≡ 0, so

that f0(m) =
∨
f(m) and g0(m) =

∨
g(m) for all m ∈ Z. It follows by lemma 1a in

[II] that we have

∨
h(s) =

∞∑
j=−∞

g0(j) · f0(s− j) =

∞∑
j=−∞

∨
g(j) ·

∨
f(s− j)

and on noting that
∨
g(j) = 0 for all j ∈ Z<0 and for all j ∈ Z≥0 odd, and so

writing j = 2l; and after noting that cos(π(s − 2l)) = cos(πs) and cos(π2 (s −
2l)) = (−1)l cos(π2 s), we have that

∨
h(s) =

∞∑
l=0

(−1)l
α2l

(2l)!
· cos(πs) · (−1)l cos(

π

2
s) · 1

( s2 − l)!

= cos(πs) · cos(π
2
s) ·

∞∑
l=0

α2l

(2l)!
· 1

( s2 − l)!
.

It follows at once that
∨
h(−1) = 0 and since cos(π(−1 + ϵ)) = −1 + O(ϵ2),
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cos(π2 (−1 + ϵ)) = πϵ
2 ϵ+O(ϵ3) and

(−1
2

)
! =

√
π, so we also have that

∨
h′(−1) = lim

ϵ→0

∨
h(−1 + ϵ)

ϵ
= −π

2
·

∞∑
l=0

α2l

(2l)!
· 1

(−1
2 − l)!

= −π
2
·

∞∑
l=0

α2l

(2l)!
·
(−1

2 ) · (−3
2 ) · · · (−1

2 − (l − 1))
√
π

= −
√
π

2
·

∞∑
l=0

α2l

(2l)!
· (−1)l · 1 · 3 · 5 · · · (2l − 1)

2l

= −
√
π

2
·

∞∑
l=0

α2l

2l · l!
· (−1)l

2l

= −
√
π

2
·

∞∑
l=0

(−1)l ·

(
α2

4

)l
l!

= −
√
π

2
· e−α2

4 .

Hence �nally
�∞
0

e−x
2 · cos(αx)dx =

√
π
2 · e−α2

4 and we have obtained the same
answer as previously derived using Feynman's trick.

Comment: The artistry of Feynman's trick relies on the integrand being of
such a form that the parametric function f(α) ends up satisfying a tractable
di�erential equation on di�erentiating under the integral.

In the Taylor-series-to-the-left approach above this is re�ected instead in the

�nal formula for
∨
h′(−1) being susceptible to algebraic simpli�cation.

Note, however, that in cases where Feynman's trick encounters di�culties
and does not become tractable, the Taylor-series-to-the-left approach may still
generate a closed-form formula (albeit perhaps as an in�nite sum) for the in-
tegral, which in turn may be useful either for numerical implementation or
asymptotic analysis. Thus, aesthetics aside, there may be some relative advan-
tage to the new Taylor-series-to-the-left methodology in such cases.

Example Set 2 [
�∞
0

e
−xn

1+x2 dx]: Using traditional techniques it is not obvious

how to attempt computation of
�∞
0

e
−xn

1+x2 dx for any n ∈ Z>0.

Using lemma 1a from [XII] again, however, let f(x) = e−x
n

and g(x) = 1
1+x2 ,

so that h(x) := f(x) · g(x) is our integrand. Then we know that

∨
f(s) =

1

2n
· sin(2πs)
sin(πsn )

· 1

( sn )!
and

∨
g(s) = cos(πs) · cos(πs

2
)

and here all the integer-values of
∨
f are attributable entirely to f0 (i.e. f∞(m) ≡ 0

and f0(m) =
∨
f(m) for all m ∈ Z); while for ∨

g(m), the values with m ∈ Z≥0 are

18



attributable to g0 and the values with m ∈ Z<0 are attributable to g∞, i.e.

g0(m) =

{
cos(πm) · cos(πm2 ) , m ∈ Z≥0

0 , m ∈ Z<0

and

g∞(m) =

{
0 , m ∈ Z≥0

− cos(πm) · cos(πm2 ) , m ∈ Z<0 .

For m ∈ Z we then have

∨
h(m) =

m∑
j=0

∨
f(j) · ∨g(m− j) . (38)

Here the sum is only over non-negative j since
∨
f(j) = 0 for all j ∈ Z<0, and is

only for j ≤ m because of the split above between g0 and g∞. Note also that

here we have taken
∨
h(m) in this form as a �nite sum rather than as

∑∞
j=0

∨
f(j) ·

∨
g(m−j) so that, on moving fromm ∈ Z to arbitrary s and ultimately calculating
∨
h′(−1), we end up with a convergent sum, rather than with a divergent sum
requiring further technical analysis6).

To now move from s = m ∈ Z to arbitrary s ∈ C we then need simply to
replace the �nite sum in equation 38 by a di�erence of two remainder sums in
the usual way (as discussed in examples in [XIII]), i.e. as

∨
h(s) = R+,0

[
∨
f(z) · ∨g(s− z)

]
(0)−R+

[
∨
f(z) · ∨g(s− z)

]
(s) . (39)

It follows tautologically from this equation that
∨
h(−1) = 0. As usual we can thus

obtain
∨
h′(−1) as limϵ→0

∨
h(−1+ϵ)

ϵ , and in equation 39 we have, after elementary
simpli�cations, that

∨
h(−1 + ϵ) = R+,0 [H(z; ϵ)] (0)−R+,0 [H(z; ϵ)] (ϵ) (40)

where

H(z; ϵ) =
1

2n
· sin(2πz)
sin(πzn )

· 1

( zn )!
· cos(π(1 + z)− πϵ) · cos(π

2
(1 + z)− π

2
ϵ) . (41)

It is not, however, trivial to evaluate limϵ→0

∨
h(−1+ϵ)

ϵ using the expressions in
equations 40 and 41 because there is ϵ-dependence not just in H(z; ϵ) but also
in the geometric location of the summands in the second remainder sum.

6There is a always such a choice in applying lemma 1a; it usually amounts to choosing
between expressions which are convergent or asymptotic, and to consideration of s near 0 or
near ∞
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To proceed we therefore �rst work to O(ϵ2) and split H(z; ϵ) explicitly as
H(z; ϵ) = H̃0(z) + ϵ · H̃1(z) +O(ϵ2) so that the remainder sums can instead be
taken on "fabrics" H̃i(z) which have no ϵ-dependence.

Since cos(π(1 + z) − πϵ) = − cos(πz) − sin(πz) · πϵ + O(ϵ2) and cos(π2 (1 +
z)− π

2 ϵ) = − sin(πz2 ) + cos(πz2 ) · π2 ϵ+O(ϵ2), we have

H(z; ϵ) = H̃0(z) + ϵ · H̃1(z) +O(ϵ2) (42)

where

H̃0(z) =
1

2n
· sin(2πz)
sin(πzn )

· 1

( zn )!
· cos(πz) · sin(π

2
z) (43)

and

H̃1(z) =
1

2n
· sin(2πz)
sin(πzn )

· 1

( zn )!
· π ·

 − 1
2 cos(πz) · cos(

π
2 z)

+ sin(πz) · sin(π2 z)

 . (44)

Now consider �rst the remainder sums in equation 40 applied to H̃0(z), namely

R+,0

[
H̃0(z)

]
(0)−R+,0

[
H̃0(z)

]
(ϵ) .

For any j ∈ Z≥0, in the second of these we have that

H̃0(j + ϵ) = H̃0(j) + ϵ · H̃ ′
0(j)

and thus R+,0

[
H̃0(z)

]
(0)−R+,0

[
H̃0(z)

]
(ϵ) gives rise to two components.

The �rst is a p-sum function arising from adding in H̃0(j) at each x = j ∈
Z≥0 and then subtracting it o� again at x = j + ϵ, making it a p-sum function,
s(x), which is identically zero on most of [0,∞) except for up-and-down "steps"
of height H̃0(j) and width ϵ at each point x = j ∈ Z≥0.

But, writing X = k + α as usual, it follows at once that P [s](X) = 1
X ·

ϵ ·
∑k
j=1 H̃0(j) and since

∑k
j=1 H̃0(j) converges classically to a �nite value as

X → ∞ it follows at once that this component contributes zero in the calculation

of limϵ→0

∨
h(−1+ϵ)

ϵ .7

The second component is simply −ϵ times the convergent sum
∑∞
j=1 H̃

′
0(j),

so that in limϵ→0

∨
h(−1+ϵ)

ϵ this immediately makes the contribution−
∑∞
j=1 H̃

′
0(j).

As for the remainder sums applied to H̃1(z), exactly the same reasoning
applies, giving a geometric Césaro component which is again zero and a second
component consisting of −ϵ ·

∑∞
j=1 H̃

′
1(j). But since the H̃1(z) term in equation

7This �rst component is what we have previously called the "geometric Césaro component"
in the calculation of the derivative of a function de�ned by a remainder sum over a fabric.
Where this remainder sum is not itself classically convergent, this geometric component need
not be zero (as for example in our calculation of Γ′(1) in [II]), but as here it will always be
zero where the remainder sum is convergent.
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42 is already multiplied by a factor of ϵ this leaves this contribution being O(ϵ2)

and thus also contributing zero in the limit limϵ→0

∨
h(−1+ϵ)

ϵ .
Overall we thus get

∨
h′(−1) = lim

ϵ→0

∨
h(−1 + ϵ)

ϵ
= −

∞∑
j=1

H̃ ′
0(j) . (45)

Now by elementary computation, we have that d

dz (cos(πz))
∣∣
z=j

= 0 for all j

and

d

dz

(
sin(2πz)

sin(πzn )

) ∣∣∣∣∣
z=j

=

{
2π

sin(πj
n )

, j /∈ nZ≥0

0 , j a multiple of n

and

d

dz

(
sin(

πz

2
)
) ∣∣∣∣∣

z=j

=
π

2
· cos(πj

2
) =

{
0 , j odd

(−1)l · π2 , j = 2l even

and
d

dz

(
1

( zn )!

) ∣∣∣∣∣
z=j

= − 1

n
·
ψ( jn + 1)

( jn )!

where ψ(w) = Γ′(w)
Γ(w) is the well-known di-gamma function, whose values at inte-

ger inputs are given by ψ(0) = −γ (here γ ≈ 0.577 . . . is the Euler-Mascheroni
constant) and, for n ∈ Z>0, ψ(n) = Hn − γ where Hn :=

∑n
j=1

1
j is the nth

harmonic number.
And at the same time we have that cos(πz)

∣∣
z=j

= (−1)j and, understood in

the usual way,

sin(2πz)

sin(πzn )

∣∣∣∣∣
z=j

=

{
0 , j /∈ nZ≥0

(−1)k · 2n , j = kn

and

sin(
π

2
z)
∣∣∣
z=j

=

{
0 , j even

(−1)l , j = 2l + 1 odd

and
1(
z
n

)
!

∣∣∣∣∣
z=j

=
1(
j
n

)
!

.

Combining these results and applying them when di�erentiating H̃0(z) as de-
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�ned in equation 43 it follows �nally that

� ∞

0

e−x
n

1 + x2
dx = −

∨
h′(−1)

=



1
n ·

∑
2l+1/∈nZ (−1)l+1 · π

sin(π(2l+1)
n )

· 1

( 2l+1
n )!

+ 1
n ·

∑
2l+1=kn (−1)k · (−1)l ψ(k)k!

+π
2 ·

∑
2l=kn (−1)k · (−1)l 1k!


(46)

where the indices in all these sums are of course restricted to be non-negative.

Comments: (i) This formula for
�∞
0

e
−xn

1+x2 dx is rapidly convergent for any
n ∈ Z>0. It is easily con�rmed numerically for any given n and is pleasingly
elegant for small n. For example, for n even the second sum vanishes, so that
for n = 2 we get

� ∞

0

e−x
2

1 + x2
dx =

π

2
·

{ ∞∑
l=0

1

l!
−

∞∑
l=0

1

(l + 1
2 )!

}

while for n = 4 we get

� ∞

0

e−x
4

1 + x2
dx =

π

2
·

{ ∞∑
l=0

(−1)l

l!
− 1√

2
·

∞∑
l=0

(−1)l

(l + 1
4 )!

+
1√
2
·

∞∑
l=0

(−1)l

(l + 3
4 )!

}
.

There are similar formulae for n = 3 and so on.

(ii) This example has been worth detailing not just because it contains a closed-
form formula for an integral where it is hard to see how to obtain such a formula
by traditional techniques. It is also interesting in showing additional subtleties
in the execution of the Taylor-series-to-the-left methodology beyond what we
have previously encountered. These subtleties relate both to the method for
identifying the necessary TLA-coe�cient function as a di�erence of remainder
sums, and to the calculational treatment of those remainder sums where there is
s-dependence both in the summands themselves and in their geometric location.

Example Set 3 [
�∞
0

e−p(x) dx, p(x) any polynomial with positive lead-
ing coe�cient]: By a simple change of variable we may assume wlog that the
leading coe�cient of p(x) is 1, and we may also trivially take any constant term
in p(x) outside the integral as an overall factor. Thus we shall take the general
form of p(x) as

p(x) = xN + cN−1x
N−1 + ...+ c2x

2 + c1x .

In the case where p(x) is the pure power xN there are already well-known
formulae for this integral (see e.g. [1] or [XI]). Likewise, by completing the
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square, it is easy to obtain a general formula, albeit in terms of the cumulative
Gaussian probability function, when p(x) is the quadratic p(x) = x2 + c1x.

However, when p(x) has our general form and is of degree greater than 2,
general formulae of any character do not appear to be known.8 We thus now
take the case of deg(p(x)) = 3 as the �rst case to consider using our new Taylor-
series-to-the-left methods.

Suppose p(x) = x3+ bx2+ax. Then if we let f(x) = e−ax, g(x) = e−bx
2

and

h(x) := e−x
3

we have that our integrand is given by

e−p(x) = f(x) · g(x) · h(x) . (47)

Moreover, we know the TLA-coe�cient functions of each of f, g and h, namely:

∨
f(s) = as · cos(πs)

s!
and

∨
g(s) = b

s
2 · 1

( s2 )!
· cos(πs) · cos(π

2
s)

and
∨
h(s) =

1

3
· sin(πs)
sin(πs3 )

· 1

( s3 )!
· cos(πs)

and in all three cases the integer-values of these TLA-coe�cient functions are
entirely attributable to f0, g0 and h0, respectively (i.e. f∞, g∞ and h∞ are all
identically zero).

Now, by iteration, lemma 1a in [XII] extends in the natural way from a
product of two functions to products of three or more functions. In this case
this yields that the TLA-coe�cient function of H(x) := e−p(x) is given by the
double-sum

∨
H(s) =

∞∑
j=−∞

∞∑
k=−∞

∨
f(j) · ∨g(k) ·

∨
h(s− j − k) . (48)

In light of the above, since
∨
f(j) is zero for all j ∈ Z<0 and

∨
g(k) is zero both

for all k ∈ Z<0 and all k ∈ Z≥0 odd, it follows on writing k = 2l and performing
elementary simpli�cations, that

∨
H(s) =

∞∑
j=0

∞∑
l=0

aj

j!
· b
l

l!
· (−1)j+3l

3
· sin(πs)

sin(π3 (−j − 2l) + π
3 s)

· 1

( (−j−2l)
3 + s

3 )!
·cos(πs)

(49)

Putting s = −1 in this equation we �nd, as we would expect, that
∨
H(−1) = 0

since sin(πs)
sin(π

3 (−j−2l−1)) = 0 unless j + 2l + 1 ≡ 0 (mod 3); and when j + 2l + 1 ≡
0 (mod 3) this expression is �nite but 1

(
(−j−2l−1)

3 )!
= 0.

8We are, of course, happy to be corrected on this if in fact we have somehow overlooked
them - perhaps they are hiding in a sheltered corner of the Himalayan foothills!
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As for
∨
H(−1 + ϵ), we have that

∨
H(−1 + ϵ) =

∞∑
j=0

∞∑
l=0


aj

j! ·
bl

l! ·
(−1)j+3l

3 · sin(−π+πϵ)
sin(π

3 (−j−2l−1)+πϵ
3 )

· 1

(
(−j−2l−1)

3 + ϵ
3 )!

· cos(−π + πϵ)

 . (50)

Now, working overall to O(ϵ2), we have that sin(−π + πϵ) = −πϵ+O(ϵ3) and

sin(
π

3
(−j−2l−1)+

πϵ

3
) =

{
− sin

(
(j + 2l + 1)π3

)
+O(ϵ), j + 2l ̸= 2 (mod 3)

(−1)r+1 π
3 ϵ+O(ϵ3), j + 2l = 3r + 2

and

1

( (−j−2l−1)
3 + ϵ

3 )!
=

{
1

(
(−j−2l−1)

3 )!
+O(ϵ), j + 2l ̸= 2 (mod 3)

(−1)r · r! · ϵ3 +O(ϵ3), j + 2l = 3r + 2

and cos(−π + πϵ) = −1 + O(ϵ2). It follows in equation 50 that for
∨
H ′(−1) =

limϵ→0

∨
H(−1+ϵ)

ϵ we get

∨
H ′(−1) =



∞∑
j,l=0

j+2l ̸=2 mod 3

aj

j! ·
bl

l! ·
(−1)j+3l+1

3 · π
sin(π

3 (j+2l+1)) ·
1

(
(−j−2l−1)

3 )!

+
∞∑
j,l=0

j+2l=3r+2

aj

j! · (−1)l · b
l

l! ·
(−1)3r+3

3 · r!


.

(51)
This can be expressed more symmetrically by breaking the �rst double-sum into
two cases - for j +2l = 3r and j +2l = 3r+1 respectively. In doing so, we also
note that sin(rπ+ π

3 ) = (−1)r sin(π3 ) and sin(rπ+ 2π
3 ) = (−1)r sin( 2π3 ) and that

1

(−(r + 1
3 ))!

=
(−1)r

(−1
3 )!

· (1
3
) · (4

3
) · · · · (r − 2

3
)

and
1

(−(r + 2
3 ))!

=
(−1)r

(−2
3 )!

· (2
3
) · (5

3
) · · · · (r − 1

3
) .

Applying these in equation 51 and recalling that
�∞
0

e−x
3−bx2−ax dx = −

∨
H ′(−1),
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we �nally obtain the following symmetrised formula for this integral, namely:

� ∞

0

e−x
3−bx2−ax dx

=
1

3
·



∞∑
j,l=0

j+2l=3r

(−1)l+3r · a
j ·bl
j!·l! · π

sin(π
3 ) ·

1
(−1

3 )!
· ( 13 ) · (

4
3 ) · · · · (r −

2
3 )

−
∞∑
j,l=0

j+2l=3r+1

(−1)l+3r · a
j ·bl
j!·l! · π

sin( 2π
3 )

· 1
(−2

3 )!
· ( 23 ) · (

5
3 ) · · · · (r −

1
3 )

+
∞∑
j,l=0

j+2l=3r+2

(−1)l+3r · a
j ·bl
j!·l! · r!


(52)

In identical fashion, for the case of a degree 4 polynomial p(x) = x4 + cx3 +
bx2 + ax, we derive the formula

� ∞

0

e−x
4−cx3−bx2−ax dx

=
1

4
·



∞∑
j,l,p=0

j+2l+3p=4r

(−1)l+4r · a
j ·bl·cp
j!·l!·p! · π

sin(π
4 )·(−1

4 )!
· ( 14 ) · · · · (r −

3
4 )

−
∞∑

j,l,p=0
j+2l+3p=4r+1

(−1)l+4r · a
j ·bl·cp
j!·l!·p! · π

sin( 2π
4 )·(−2

4 )!
· ( 24 ) · · · · (r −

2
4 )

+
∞∑

j,l,p=0
j+2l+3p=4r+2

(−1)l+4r · a
j ·bl·cp
j!·l!·p! · π

sin( 3π
4 )·(−3

4 )!
· ( 34 ) · · · · (r −

1
4 )

−
∞∑

j,l,p=0
j+2l+3p=4r+3

(−1)l+4r · a
j ·bl·cp
j!·l!·p! · r!


(53)

and for arbitrary p(x) = xN + cN−1x
N−1 + ... + c2x

2 + c1x of degree N , the
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corresponding formula for our integral in general is that
� ∞

0

e−x
N−cN−1x

N−1−...−c2x2−c1x dx

=



N−1∑
q=1

(−1)q−1

N ·
∞∑

j1,...,jN−1=0
j1+2j2+...

+(N−1)jN−1

=Nr+q−1



[
c
j1
1

j1!

]
·
[
(−1)j2c

j2
2

j2!

]

·
[
c
j3
3

j3!

]
·
[
(−1)j4c

j4
4

j4!

]
· · ·

·
[
(−1)jN−1·((N−1)( mod 2)+1)c

jN−1
N−1

jN−1!

]
· π
sin(πq

N )·(−q
N )!

· (−1)Nr

·
[(

q
N

)
·
(
q
N + 1

)
· · ·

(
q
N + r − 1

)]



+ (−1)N−1

N

∞∑
j1,...,jN−1=0
j1+2j2+...

+(N−1)jN−1

=Nr+q−1



[
c
j1
1

j1!

]
·
[
(−1)j2c

j2
2

j2!

]

·
[
c
j3
3

j3!

]
·
[
(−1)j4c

j4
4

j4!

]
· · ·

·
[
(−1)jN−1·((N−1)( mod 2)+1)c

jN−1
N−1

jN−1!

]
·(−1)Nr · r!




(54)

Comments: (i) As noted, the formulae in equations 52 and 53 for degrees 3
and 4 - and the general formula in equation 54 - are, as far as we are aware, new.
They give closed-form expressions for

�∞
0

e−p(x) dx in terms of sums which are
classically convergent, albeit that their convergence is slow and delicate to prove.
Despite this slow convergence it is easy, for example, to validate formulae 52 and
53 for suitably small values of a, b and c via numerical integration, and we have
done so (e.g. con�rming result 52 to 10 d.p.'s for the case of a = 0.2 and b = 0.1).

(ii) In all cases, and in particular in the general formula 54, the �nal sum

which has been split out could in fact be combined with the earlier
∑N−1
q=1 to

form an expression involving a single overall sum,
∑N
q=1, as long as we inter-

pret the formally unde�ned, singular expression
(

π
sin(πq

N )·(−q
N )!

) ∣∣∣
q=N

as being

limϵ→0

(
π

sin(πq
N )·(−q

N )!

) ∣∣∣
q=N+ϵ

= 1 in the spirit we have adopted on many pre-
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vious occasions in [I]-[XIV]. Doing this makes equation 54 very clean and fully
emphasises the symmetrised nature of the formula.

(iii) One application where these formulae might be valuable is in calculating
the Mellin transform of a function, Q(x), which is itself given by the exponential
of a polynomial in ln(x) on [1,∞), i.e.

Q(x) =

{
e−p(ln x), x ≥ 1

0, 0 ≤ x < 1 .

Functions of lnx for x ≥ 1 are common in number theory and the theory of ζ,
and while they are generally not exponentials of polynomials in lnx, approxi-
mation by such functions might conceivably be of interest.

For such Q(x), under the change of variables u = lnx their Mellin transform
becomes

M[Q](s) =

� ∞

0

e−p(u) · esu du (55)

and so formula 54 gives us an expression for this Mellin transform with the
s-dependence captured purely in the adjusted coe�cient c̃1(s) = c1 − s and its
associated powers (c1 − s)j1 - e�ectively giving the Mellin transform as a power
series expansion around c1 in the s-plane.

4 Taylor-series-to-the-left integration across sin-

gularities

So far, in discussing Taylor-series-to-the-left methods for integration in [XI]-
[XIV], we have considered integrals,

�∞
0
f(x)dx, where f(x) is required to be

integrable in either a classical or a generalised Césaro sense on [0,∞).
As discussed in [I] this includes the possibility of f having Césaro-integrable

singularities on [0,∞), such as poles of order 2 or more. It is only in the case
where f has, for example, a pole of order 1 - so that its integral has a Césaro
non-convergent log-divergence - that we fall outside this setting9.

In such cases, however, where f has a pole at x0 ∈ [0,∞) given by f(x) =
a

x−x0
+ continuous, there is a well-established method for still attaching a

value to
�∞
0
f(x)dx, namely as the Cauchy p.v. of the integral given by

limϵ→0

{� x0−ϵ
0

f(x)dx+
�∞
x0+ϵ

f(x) dx
}
.

As we would hope, it turns out that this Cauchy p.v. de�nition remains con-
sistent with our Taylor-series-to-the-left methods and results, as long as we use

the canonical form of the TLA-coe�cient function,
∨
f(s). Moreover, it also turns

out that natural alternative approaches to handling such non-Césaro-integrable

9More generally, any function f whose integral would generate divergences which are gen-
eralised eigenfunctions of P with eigenvalue 1 would be similarly problematic.
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singularities within this framework can be understood as simply corresponding

to the use of di�erent gauge-equivalent choices for
∨
f(s).

Let us illustrate this with a class of examples. In [XI] we derived a general
formula for

�∞
0

1
1+xn dx, n ∈ Z≥2, namely

� ∞

0

1

1 + xn
dx =

π
n

sin(πn )
. (56)

In our Taylor-series-to-the-left methodology this follows trivially from the fact

that the canonical TLA-coe�cient function of g(x) := 1
1+x is

∨
g(s) = cos(πs)

and the rule that if f(x) := g(xn), then the TLA-coe�cient functions of f and

g are related by
∨
f(s) = 1

n · sin(2πs)

sin( 2πs
n )

· ∨g( sn ), which allows us to calculate
∨
f ′(−1)

easily.
Consider now the case of integrand f(x) := 1

1−xn , with a simple pole at x = 1

on [0,∞). Since, for n = 1, the function h(x) := 1
1−x arises from g(x) := 1

1+x

by taking x 7→ −x, it is reasonable to take
∨
h(s) =

∨
g(s) · cos(πs) = cos2(πs) and

it then follows that the TLA-coe�cient function of f(x) = 1
1−xn is

∨
f(s) =

1

n
· sin(2πs)
sin( 2πsn )

· cos2(πs
n
) =

1

n
· sin(πs)
sin(πsn )

· cos(πs) · cos(πs
n
) . (57)

This has
∨
f(−1) = 0 for n ∈ Z≥2 and it follows within our Taylor-series-to-the-

left framework that
�∞
0

1
1−xn dx should be taken as

� ∞

0

1

1− xn
dx = −

∨
f ′(−1) =

(π
n

)
· cot(π

n
) . (58)

For example, for n = 2 we get
�∞
0

1
1−x2 dx = 0 and for n = 3 we get

�∞
0

1
1−x3 dx =

π
3
√
3
, and so on.

But it is easy to check using partial fractions that we likewise have

lim ϵ→0

{� 1−ϵ

0

1

1− x2
dx+

� ∞

1+ϵ

1

1− x2
dx

}
= 0 (59)

and

lim ϵ→0

{� 1−ϵ

0

1

1− x3
dx+

� ∞

1+ϵ

1

1− x3
dx

}
=

π

3
√
3

(60)

and so we see that our Taylor-series-to-the-left methodology and integration
results continue to hold even where our integrand has simple poles on the inte-
gration domain [0,∞), providing we interpret the associated integral as being
given by its Cauchy p.v..

Comments: (i) The fact that these results continue to hold for Cauchy p.v.'s
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in the presence of singular integrands should not, in fact, be surprising. The
reason is e�ectively hidden in the above derivation.

What makes it work is taking
∨
g(s) = cos2(πs) as the canonical TLA-

coe�cient function of g(x) := 1
1−x - rather than taking

∨
g(s) as cos4(πs) or

cos6(πs) or even as the constant function 1, even though these all give equally
good replication of the coe�cients at s = m, m ∈ Z, arising from the power
series expansions for 1

1−x around 0 and ∞.

But this choice of
∨
g(s) = cos2(πs) is equivalent to choosing the Mellin trans-

form of 1
1−x as M[ 1

1−x ](s) =
π

tan(πs) . This is the standard choice found in tables

of Mellin transforms and itself re�ects the decision to de�ne the integral for

M[ 1
1−x ](s), namely

�∞
0

xs−1

1−x dx, as being given by its Cauchy p.v. across its

non-integrable simple pole at x = 1 for arbitrary s ∈ C.
Thus the use of Cauchy p.v.'s to de�ne integrals across simple poles is embed-

ded at the outset in the standard choice of de�nition for Mellin transforms and
hence, equivalently, of our canonical TLA-coe�cient functions. It is therefore
natural that Taylor-series-to-the-left integration results based on these TLA-
coe�cient functions should continue to handle such classically non-integrable
simple poles (or other singularities giving rise to Césaro eigenfunction diver-
gences with eigenvalue 1) provided they are de�ned via Cauchy p.v.'s.

(ii) Of course there are other ways of de�ning
�∞
0
f(x) dx around a simple

pole of f at x0. For example, we could do so by de�ning it as the limit as ϵ→ 0
of the contour integral obtained by replacing the line segment from x0 − ϵ to
x0 + ϵ through the singularity with a half-circle of radius ϵ running clockwise
from x0 − ϵ to x0 + ϵ in the complex plane; or we could take this amended
contour as instead running counter-clockwise; and so on.

For example, for f(x) = 1
1−xn , since

1
1−xn = −1

(x−1)(xn−1+xn−2+...+1) ≈ −1
n ·

1
(x−1)+continuous for x near 1, it is easy to see that in the �rst case the amended

contour would add an imaginary component of iπn to our integral, changing our
value under this de�nition to

� ∞

0

f(x) dx =
π

n
· cot(π

n
) +

iπ

n
(61)

while in the second case it would subtract this imaginary component and leave

� ∞

0

f(x) dx =
π

n
· cot(π

n
)− iπ

n
. (62)

How do these alternatives play out in our framework of Taylor-series-to-the-left
methodology and TLA-coe�cient functions? Well, as discussed in [XI], a TLA-

coe�cient function,
∨
f(s), is only initially constrained to have prescribed values

at integer points, so there is considerable gauge-freedom in how to assign
∨
f(s)

to f .
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If for f(x) = 1
1−xn we use the canonical choice given by

∨
f(s) = −M[f ](−s) ·

sin(2πs)
2π = 1

n ·
sin(πs)
sin(πs

n ) ·cos(πs)·cos(
πs
n ) then we end up with

�∞
0
f(x) dx = π

n ·cot(
π
n )

as derived above.

But taking
∨
f(s) instead as

∨
f(s) =

1

n
· sin(πs)
sin(πsn )

· cos(πs) · e− iπs
n

or
∨
f(s) =

1

n
· sin(πs)
sin(πsn )

· cos(πs) · e iπs
n

are perfectly good alternative gauge-equivalent choices (their values agree ap-
propriately with the coe�cients in the power series expansions of f(x) = 1

1−xn

around 0 and around ∞) and it is trivial to see that under the �rst of these we
obtain instead that

� ∞

0

f(x) dx =
π

n
· csc(π

n
) · e iπ

n =
π

n
· cot(π

n
) +

iπ

n
,

while the second would give

� ∞

0

f(x) dx =
π

n
· csc(π

n
) · e

−iπ
n =

π

n
· cot(π

n
)− iπ

n
.

Thus our alternative contour-based approaches to de�ning
�∞
0
f(x) dx across its

pole at x = 1 correspond within Taylor-series-to-the-left methodology simply to

making di�erent gauge-equivalent choices of TLA-coe�cient function,
∨
f(s).

Overall, we see that the gauge-freedom inherent in the de�nition of TLA-
coe�cient functions in fact matches the intrinsic ambiguity which arises within
the generalised Césaro context in dealing with log-divergences in integration.
Yet at the same time there is a canonical choice of TLA-coe�cient function
which embeds the choice of using Cauchy p.v.'s at its heart (via the de�nition
of Mellin transforms for functions with simple poles on [0,∞)) and which can
be used as the designated way to handle this ambiguity.

5 Towards a calculus of TLA-coe�cient functions

It is natural to ask whether we can identify a full "calculus" for TLA-coe�cient
functions, identifying rules for how they behave under natural operations on
underlying functions - such as taking products, quotients, composition, expo-
nentiation, di�erentiation and so forth.
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5.1 A hybrid calculus

Rules of this kind are already known for Mellin transforms and these could,
of course, simply be translated across mechanically and re-phrased in terms
of TLA-coe�cient functions using the fundamental relationship between the
canonical TLA-coe�cient of a function and its Mellin transform.

But, as discussed in [XII, section 2.4], these rules for Mellin transforms
are often somewhat abstract and di�cult to work with. Direct use of TLA-
coe�cient functions may instead o�er greater simplicity and practical utility.

For example, already in this paper (and on many earlier occasions in [XI]-
[XIV]) we have used what is e�ectively a product rule for TLA-coe�cient func-
tions, namely that if h(x) = f(x) · g(x) then

∨
h(s) =

∞∑
j=−∞

f0(j) · g0(s− j)−
∞∑

j=−∞
f∞(j) · g∞(s− j) (63)

in order to carry out computations which seem otherwise intractable. Indeed,
in example set 3 in section 3, we used a straightforward extension of this rule
to products of three or more underlying functions.

At the same time, in doing so there has been a certain amount of practical
"muddling through" which is hard to re�ne into clear, simple rules - for example,
in how to handle the transition from s = m ∈ Z to arbitrary s ∈ C in the
calculations for example set 2 in section 3. These �rst necessitated that we
rewrite the �nite sum which arose when s = m ∈ Z into a di�erence of two
remainder sums before moving to arbitrary s; and then in turn required care
in handling the presence of s-dependence in both the function to which the
operators R+,0 and R+ were applied, and in the geometric location at which
these remainder sums were to be taken.

Nonetheless, this muddling through merely entailed applying principles which
are natural in the generalised geometric Césaro context; and overall it could be
performed much more directly and easily than by trying instead to work via
the corresponding product rule for Mellin transforms - which involves a contour
integral convolution, namely that

M[f(x) · g(x)](s) = 1

2πi
·
� c+i∞

c−i∞
f̃(r) · g̃(s− r) dr (64)

where f̃(s) := M[f ](s) and g̃(s) := M[g](s) are the Mellin transforms of f and
g respectively.10

Overall, our general view is thus that it is often easier to work with TLA-
coe�cient functions and Taylor-series-to-the-left methodology within a gener-
alised Césaro context than to work via existing Mellin transform laws; but that
this is perhaps best done not by seeking a complete, all-encompassing "calculus"
of such TLA-coe�cient functions, but rather by adopting a hybrid perspective

10Note that extension of such contour integral convolution to products of three or more
functions as required in example set 3 would pose further challenges in execution.
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which includes some clear-cut laws mixed together with a range of principles,
techniques and tricks that are practical and e�ective, albeit harder to encode as
stand-alone results.

For example, among the clear-cut rules we have in this hybrid approach are
the product rule for canonical TLA-coe�cient functions just discussed; also the

rule used in section 4 (namely that if f(x) := g(xn) then
∨
f(s) = 1

n ·
sin(2πs)

sin( 2πs
n )

·∨g( sn );

many other simple rules such as that if f(x) := xn · g(x) then
∨
f(s) =

∨
g(s− n),

and that if f(x) := g′(x) then
∨
f(s) = (s+ 1) · ∨g(s+ 1); and so on.

But applying these rules will often, as in section 3, entail also invoking
techniques such as how to generalise �nite sums within the geometric Césaro
context by interpreting

∑s
j=0 f(j) as R+,0[f ](0)−R+[f ](s) when s ceases to be

an integer and becomes an arbitrary complex parameter.
Indeed, one of the most helpful of these general hybrid principles will be sim-

ply to remember the relationship between a canonical TLA-coe�cient function,
∨
f(s), at its integer-values and the functions f0 and f∞ encoding the coe�cients
in the power series for f around x = 0 and as x→ ∞ - namely that if

f(x) =

∞∑
j=−∞

f0(j)x
j + S0(x) and f(x) =

∞∑
j=−∞

f∞(j)xj + S∞(x)

for x near 0 and as x→ ∞ respectively, then for all s = m ∈ Z we have that

∨
f(m) = f0(m)− f∞(m) .

This is because one of the principal reasons why working with TLA-coe�cient
functions can often be preferable to working via Mellin transforms is precisely
because it is easier to get hold of these expansions for f near 0 and ∞ than
it is to get hold of the general form of the Mellin transform of f . This thus

allows us to identify f0 and f∞ directly and hence deduce
∨
f at its integer-

values s = m ∈ Z, after which we may then be able to pass to arbitrary s ∈ C
using the remainder-summation trick just described or some similar technique.
By contrast, there are no obvious corresponding results allowing us to get a
foothold - and progress to a �nal answer via such smaller, intermediate steps -
when working in the world of Mellin transforms.

In the same way, when considering the TLA-coe�cient function of a quotient

of underlying functions, i.e. h(x) := f(x)
g(x) , rather than seek a general "quotient

rule" to mirror the product rule already mentioned, we might instead work
within our hybrid approach by using the principle just mentioned to get to a
point where we can either calculate directly or else invoke the TLA-product
rule. That is, we might �rst seek to break f and g down to deduce their power
series components - f0 and f∞ on the one hand; g0 and g∞ on the other. Next,
writing g̃(x) := 1

g(x) , we might try to use standard methods to deduce g̃0 and g̃∞
in terms of g0 and g∞ respectively. And then �nally we might use our product
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rule for h(x) := f(x) · g̃(x) to obtain a general form for
∨
h(s) from this knowledge

of f0, g̃0, f∞ and g̃∞, perhaps using our remainder-summation trick or some
similar technique, as required.

Of course none of this is guaranteed to work, and certainly not to be straight-
forward or trivial to carry out. But this hybrid TLA-calculus approach does at
least o�er a path forward in cases where we cannot even get started on the
Mellin transform side; and what may be an easier such path even in cases where
progress using Mellin transforms directly is possible.

5.2 One further tool in the hybrid approach - formal sym-

bols and formal function elements

We conclude our discussion of the potential value and advantages of this pro-
posed hybrid calculus for TLA-coe�cient functions with one �nal observation.
It is that a further possible advantage may lie in being able to use formal symbols
and formal function elements - as introduced in [III] - within this framework.

We illustrate this with an example, one which also demonstrates some of the
elements of our hybrid approach just discussed.

Recall that in [XI] we considered the function f(x) = e
− 1

1+x2 and used
its TLA-coe�cient function and Taylor-series-to-the-left methods to deduce a

rapidly convergent closed-form formula for the Césaro-value of
�∞
0

e
− 1

1+x2 dx

(which is the same as the classical value of
�∞
0

(e
− 1

1+x2 − 1) dx) as

� ∞

0

e
− 1

1+x2 dx = −π
2
·

 1− 1
2!

(
1
2

)
+ 1

3!

(
3
2

) (
1
2

)
1
2!

− 1
4!

(
5
2

) (
3
2

) (
1
2

)
1
3! + . . .

 ≈ −1.258924257 .

This integral evaluation is not straightforward by traditional means and we

worked by (a) expanding e
− 1

1+x2 as 1 − 1
1+x2 + 1

2!
1

(1+x2)2 − 1
3!

1
(1+x2)3 + . . .;

then (b) expanding each term (−1)n 1
(1+x2)n in its Taylor series around 0; (c)

combining terms of the same degree to �nd a formula for
∨
f(m), m ∈ Z≥0, and

hence for
∨
f(s), s ∈ C arbitrary; and �nally (d) evaluating

�∞
0

e
− 1

1+x2 dx as

−
∨
f ′(−1).
Suppose in step (b) we instead work by focussing onm ∈ Z<0 and expanding

around x = ∞ rather than x = 0. Then an interesting thing occurs.
Since the expansion 1

(1+x2)n = 1
x2n · 1

(1+ 1
x2 )n

= x−2n − nx−2n−2 + . . . starts

at degree −2n, so for any m ∈ Z<0 there are only �nitely many terms which
contribute to the coe�cient of x−m. In fact for m = −2l it is easy to see that
∨
f(−2l) = −f∞(−2l) is given by

∨
f(−2l) = (−1)l+1 ·

{
1 · 1

1!
+

(
l − 1

1

)
· 1

2!
+

(
l − 1

2

)
· 1

3!
+ . . .+

(
l − 1

l − 1

)
· 1
l!

}
.
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Letting f be the formal function element for the factorial function, de�ned by

fs := s! = Γ(s+ 1) (65)

this can be expressed neatly as

∨
f(−2l) = (−1)l+1 · 1

f
·
(
1 +

1

f

)l−1

and, in light of our lemmas from [XI], this suggests that in general we have

∨
f(s) = − cos(πs) · cos(π

2
s) · 1

f
·
(
1 +

1

f

)−s
2 −1

.

But it then follows immediately that
∨
f(−1) = 0 and that

∨
f ′(−1) =

π

2
· 1
f
·
(
1 +

1

f

)− 1
2

=
π

2
·
{
1

f
+

(−1
2

1

)
· 1

f2
+

(−1
2

2

)
· 1

f3
+ . . .

}

=
π

2
·

 1− 1
2!

(
1
2

)
+ 1

3!

(
3
2

) (
1
2

)
1
2!

− 1
4!

(
5
2

) (
3
2

) (
1
2

)
1
3! + . . .


and this at once gives us

�∞
0

e
− 1

1+x2 dx = −
∨
f ′(−1) ≈ −1.258924257 in agree-

ment with our earlier calculation.11

Comment: We see that here the use of a formal function element has simpli�ed
both the derivation and the expression of the TLA-coe�cient function we are
studying, and in so doing has allowed a simpler calculation of the (Césaro value

of the) integral
�∞
0

e
− 1

1+x2 dx under our Taylor-series-to-the-left methodology.

In fact, the argument just given works identically for
�∞
0

e
− 1

1+xk dx for ar-
bitrary k ∈ Z≥1 to give

� ∞

0

(
exp

(
−1

1 + xk

))
dx = −

π
k

sin
(
π
k

) ·


1
1!

( 1
k−1
0

)
+ 1

2!

( 1
k−1
1

)
+ 1

3!

( 1
k−1
2

)
+ . . .

 (66)

in just a few lines of elementary algebra and combinatorics, despite the fact that
(to the author at least) it is extremely unclear how to obtain this formula for
arbitrary k by traditional integration methods.

11Note here that, as always, we need to be careful in working with formal function elements.
We need to ensure that we only evaluate them after combining them fully in each term (i.e.
we need to take 1

fj · 1
fk as 1

fj+k = 1
(j+k)!

, not as 1
j!

· 1
k!
) and we need to remember to apply

exponents directly (for example, 1
f−3 means 1

(−3)!
= 0, not f3 = 3!); and so on.
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As such, we believe more generally that invocation of formal symbols and
formal function elements may be useful in many cases when working with TLA-
coe�cient functions; and may represent a further advantage of working with
TLA-coe�cient functions vis-a-vis working with Mellin transforms (where it is
much harder to envisage the use of such formal quantities as aids to calculation).

6 Remaining challenges

We have seen that Taylor-series-to-the-left methodology and a hybrid calculus
of TLA-coe�cient functions facilitates calculation of many results, including in-
tegrals, which are challenging using traditional means. It is not hard, however,
to �nd cases which remain challenging and where these methods run up against
new limitations. We consider some examples now.

In [XI] we took the case of f(z) := 1
1+z2 and calculated that

�∞
0
f(z)dz = π

2

by deducing that
∨
f(s) = cos(πs) cos(π2 s) and evaluating the integral as −

∨
f ′(−1).

Suppose we next consider

g(z) :=
1

1 + z2 ln z
. (67)

This minor amendment causes great di�culty for Taylor-series-to-the-left method-
ology because it introduces into the power series for g near 0 and ∞ powers of
zn(ln z)k where k ∈ Z is arbitrarily large, both positive and negative. This

makes the determination of the canonical TLA-coe�cient function,
∨
g(s), prob-

lematic - so much so that we have so far been unable to �nd a simple, usable

expression for
∨
g(s).

To explore this in more detail, note that the positive powers occur in the
power series around 0 where we have g(z) ≈ 1 − z2 ln z + z4(ln z)2 − . . .; while
the negative powers occur in the power series as z → ∞ where we have g(z) ≈

1
z2 ln z −

1
z4(ln z)2 + . . ..

Taking the power series around 0 �rst, the constant term means we should

have
∨
g(0) = 1; and for eachm = 2l ∈ Z>0 the presence of the term (−1)lz2l(ln z)l

means that for s near 2l we should have

∨
g(s) ≈ (−1)l · l!

(s− 2l)l
+ continuous . (68)

This is because if the power series for g(z) simply had a term (−1)lz2l, this

would mean that
∨
g(2l) = (−1)l and thus that −M[g](−s) = (−1)l · 2π

sin(2πs) ≈
(−1)l · 1

(s−2l) + continuous. The additional factor of (ln z)l in the actual term

in the power series for g(z) corresponds to (−1)l times l-fold di�erentiation
in the Mellin transform, −M[g](−s), and we thus actually get −M[g](−s) ≈
(−1)l · l!

(s−2l)l+1 + continuous. Multiplication by sin(2πs)
2π then �nally gets us
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to equation 68, on passing back from the Mellin transform to the canonical

TLA-coe�cient function
∨
g(s).

We see immediately from equation 68 that the form of
∨
g(s) is more challeng-

ing to deduce than we have previously encountered, because it has singularities
of arbitrarily high order, and the order of these singularities is also a function

of their location (the singularity of
∨
g(s) near s = 2l is of order l).

If we let M be the operator of multiplication by sin(2πs)
2π on functions on

s-space, and we then let A := M ◦
(
− d

ds

)
◦ M−1 be the conjugate operator

just used, we might speculate that
∨
g(s) should be related to the TLA-coe�cient

function
∨
f(s) = cos(πs) · cos(π2 s) of f(z), by

∨
g(s) = As[

∨
f ](s) =

sin(2πs)

2π
·
(
− d

ds

)s [ π
2

sin(π2 s)

]
(69)

but this would lead us into the realm of dealing with non-integral, indeed arbi-
trary complex, powers of A and therefore of d

ds . This is something we have done
before in previous papers (in dealing with root identities and in other contexts)
and we believe is well worth pursuing again here. We omit any such further
exploration for now, however, other than to reiterate that we have not so far

been able thereby to derive a clean, usable form for
∨
g(s).

Instead, let us work from a consideration of
�∞
0
g(z)dz and use a change of

variables to re�ne these di�culties regarding
∨
g(s) into a di�erent but related

set of challenges for Taylor-series-to-the-left methodology - ones which are less
abstract and more accessible, simple and direct.

Writing z = eu and then v = −u we have that

� ∞

0

1

1 + z2 ln z
dz =

� ∞

−∞

eu

1 + ue2u
du =

� ∞

0

eu

1 + ue2u
du+

� ∞

0

e−v

1− ve−2v
dv

and both these integrals are now over [0,∞) and therefore immediately set up
for application of Taylor-series-to-the-left methods.

Letting

h1(u) :=
eu

1 + ue2u
and h2(v) :=

e−v

1− ve−2v
(70)

we see that both functions are Schwartzian near ∞ and have well-de�ned Taylor
series in neighbourhoods of 0. Moreover, we have h2(v) = h1(−v) so that these
two Taylor series near 0 have coe�cients which agree for even powers and are

negatives of each other for odd powers - i.e.
∨
h2(m) =

∨
h1(m) for m ∈ Z≥0 even,

and
∨
h2(m) = −

∨
h1(m) for m ∈ Z≥0 odd.

Now for u small we have that e
u

1+ue2u = eu − ue3u + u2e5u − u3e7u + . . . and
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it is easy to derive that the Taylor series for h1(u) is

h1(u) =


1 +

[
1
1!1

1 − 1
0!3

0
]
· u+

[
1
2!1

2 − 1
1!3

1 + 1
0!5

0
]
· u2

+
[
1
3!1

3 − 1
2!3

2 + 1
1!5

1 − 1
0!7

0
]
· u3

+
[
1
4!1

4 − 1
3!3

3 + 1
2!5

2 − 1
1!7

1 + 1
0!9

0
]
· u4 + . . .

 . (71)

Noting that h1 is Schwartzian as u → ∞, we see that in general, for m ∈ Z≥0

we have

∨
h1(m) =


1
m!1

m − 1
(m−1)!3

m−1 + 1
(m−2)!5

m−2 − . . .

+(−1)j 1
(m−j)! (2j + 1)m−j + . . .+ (−1)m 1

0! (2m+ 1)0

 (72)

and then, as discussed,

∨
h2(m) = cos(πm) ·

∨
h1(m) , m ∈ Z≥0 . (73)

Unfortunately, it is not straightforward to move from m ∈ Z≥0 to arbitrary
s ∈ C in the manner we have done before in equation 72, because the �nite
sum involved cannot be readily viewed as a di�erence of remainder sums on an
underlying fabric.

Nonetheless, we could instead view formula 72 as extending inde�nitely -
with the additional terms (−1)m+1 1

(−1)! (2m+3)−1+(−1)m+2 1
(−2)! (2m+5)−2+

. . . all being identically zero - and hence try to generalise to arbitrary s ∈ C as

∨
h1(s) =

1

s!
1s − 1

(s− 1)!
3s−1 +

1

(s− 2)!
5s−2 − . . . (74)

with
∨
h2(s) = cos(πs) ·

∨
h1(s) . (75)

Then it is immediate that
∨
h1(−1) = 0 and since 1

(−1+ϵ)! ≈ ϵ + O(ϵ2) and
1

(−j+ϵ)! ≈ (−1)j−1(j − 1)! ϵ+O(ϵ2), it follows that

∨
h′1(−1) = lim

ϵ→0

∨
h1(−1 + ϵ)

ϵ
= 1 +

1

32
+

2!

53
+

3!

74
+

4!

95
+ . . . ≈ 1.130098101522 .

(76)
But in fact, by numerical integration we have that

� ∞

0

eu

1 + ue2u
du ≈ 0.901205760451 (77)

and so this guess at the form of
∨
h1(s) must be wrong, since we do not have�∞

0
h1(u)du = −

∨
h′1(−1), either in magnitude or sign.
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Interestingly, however, this guess at
∨
h1(s) together with equation 75 would

give us
∨
h2(−1) = 0 and

∨
h′2(−1) = −

{
1 + 1

32 + 2!
53 + . . .

}
≈ −1.130098101522,

and in this case the conclusion from our Taylor-series-to-the-left methodology
that � ∞

0

e−v

1− ve2v
dv = −

∨
h′2(−1) ≈ 1.130098101522 (78)

turns out to be correct, con�rmed to 12 d.p.'s by numerical integration.

Thus it appears that our guess at the form of
∨
h2(s) here as

∨
h2(s) = cos(πs) ·

{
1

s!
1s − 1

(s− 1)!
3s−1 +

1

(s− 2)!
5s−2 − . . .

}
(79)

is correct; but that the corresponding guess for
∨
h1(s) in equation 74, based on

the (up to sign) identical formulae for
∨
h1(m) and

∨
h2(m) when s = m ∈ Z≥0, is

not correct.
Now, note that this error regarding h1(u) and its integral is not a failure of

Taylor-series-to-the-left methodology per se. The Mellin transform

−M[h1](−(−1 + ϵ)) = −
� ∞

0

eu · u−ϵ

1 + ue2u
du

= −0.901205760451 + ϵ ·
� ∞

0

eu · lnu
1 + ue2u

du+O(ϵ2)

is �nite and smooth for ϵ small so that, whatever −M[h1](−s) is as a function,
the canonical TLA-coe�cient function of h1 given by

∨
h1(s) = −M[h1](−s) ·

sin(2πs)

2π

does satisfy that� ∞

0

h1(u)du =

� ∞

0

eu

1 + ue2u
du = −

∨
h′1(−1) . (80)

Rather, the proper conclusion to draw is that we do not know how to calcu-

late −M[h1](−s) directly; and that our intuitive attempt to instead infer
∨
h1(s)

for arbitrary s ∈ C in equation 74, based on the form of
∨
h1(m) when m ∈ Z≥0

in equation 72, fails to give the correct canonical form of
∨
h1(s) - even though

the exact same reasoning does give the correct form for
∨
h2(s).

In other words, the right conclusion to draw is that, while our hybrid calculus
of TLA-coe�cient functions can be powerful, it remains something of an art -
and certainly far from being a straightforwardly mechanical process. There
remain many cases where it is di�cult to implement and where even seemingly
natural methods for inferring a TLA-coe�cient function at general s ∈ C from
its known form for s = m ∈ Z≥0 can go awry12.

12or, to use the correct technical term "gang aft agley"
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On the positive side, however, this leaves open many questions regarding how
to make such inference more reliable. Towards this end, we conclude this sec-
tion with a few additional comments regarding the examples we have considered.

Comments: (i) In the last example, why did our method of inference work for
h2(u) but not for h1(u)?

One di�erence between h1(u) and h2(u) which is possibly relevant, is that

ve−2v is bounded less than 1
2e

< 1 on [0,∞), so that expanding e
−v

1−ve−2v as

e−v+ve−3v+v2e−5v+. . . applies on all of [0,∞). By contrast, ue2u is unbounded
on [0,∞) and in a way which involves exponential rather than merely power
divergences, so that the expansion we used earlier of e

u

1+ue2u as eu − ue3u +

u2e5u + . . . is only local around 0.
Of course, this does not a�ect the correctness of the Taylor series we de-

rived for h1(u) and h2(u) around 0 in equations 71-73; and in the past our
Taylor-series-to-the-left integration results on [0,∞) have applied even where
such Taylor series had only �nite radii of convergence.

But perhaps here the fact that the resulting expansion for h2(u) involves a
sum of terms of the form vje−(2j+1)v, and that all of these themselves satisfy
our fundamental Taylor-series-to-the-left integration rule relating their integral
on all of [0,∞) to the negative of the derivative of their TLA-coe�cient function
at s = −1, is relevant in leading to h2(v) itself also satisfying this relationship

with the natural choice of
∨
h2(s) as its canonical TLA-coe�cient function.

By contrast, the corresponding sum in the case of h1(u) involves terms of
the form uje+(2j+1)u, none of which are convergent on all of [0,∞) even in a
generalised Césaro sense and therefore none of which satisfy this fundamental
Taylor-series-to-the-left integration rule on [0,∞).

On this point, it is interesting to note in passing that functions of the form
e+ku or ule+ku can of course still be assigned canonical TLA-coe�cient functions

(namely ks

s! · cos
2(πs) and ks−l

(s−l)! · cos
2(π(s− l)) respectively); and that when we

do this we can in fact state a variant of our fundamental Taylor-series-to-the-left
integration result which does apply for these functions.

Speci�cally, in this case, the negative of the derivative of these TLA-coe�cient
functions evaluated at s = −1 gives us the classically-convergent value of the
integral of these functions from 0 to −∞ (i.e. as

� −∞
0

).

Interpreted this way, the intuitive form we guessed for
∨
h1(s) does give us

correctly the result that

� −∞

0

h1(u)du =

� −∞

0

eu

1 + ue2u
du = −

∨
h′1(−1) ≈ −1.130098101522 (81)

albeit that this integral on [0,−∞) is not the one which we set out to calculate.
The possibility that our fundamental Taylor-series-to-the-left integration re-

sult could perhaps be generalised to a wider class of functions, but applying
instead on a suitable contour from 0 to ∞ (not necessarily just [0,∞)) is one
we �nd intriguing. We think it is worthy of further consideration, along with its
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relationship to the question we have considered here - namely of how to make
the inference of TLA-coe�cient functions more robust.

(ii) The integral for h2(v) which we were able to successfully tackle arose from

a change of variables regarding
� 1

0
1

1+z2 ln zdz, while the problematic integral for

h1(u) arose from
�∞
1

1
1+z2 ln zdz.

This suggests that in our �rst example concerning the function g(z) =
1

1+z2 ln z , the problems we encountered in pinning down
∨
g(s) arise not really

from the positive powers of z2l(ln z)l in the Taylor series for g(z) near 0, but

rather from the terms z−2l

(ln z)l
which occur in the power series for g(z) as z → ∞.

Unlike the positive powers, these are not clean generalized eigenfunctions of
the Césaro operator, P , and although it is highly speculative to suggest it, this
may have some signi�cance in creating the di�culties which arise.

7 Final stray observations and speculations

While in speculative mood, we now conclude both this paper and the series
to which it belongs, with some �nal stray thoughts on Taylor-series-to-the-left
methods and where it might be pro�table to head next in investigating them -
up the Grand Trunk road, further out along the branch line to Marwar junction
and beyond, or perhaps up into the hills and mountains of Ka�ristan.

Wild speculations and observations: (i) As we just noted , there are
functions which are not integrable on [0,∞) - either classically, or even in a
generalised Césaro sense - such as f(z) = ekz or f(z) = zmekz (Re(k) > 0),
to which we can still assign a TLA-coe�cient function(albeit perhaps not a
canonical one).

For these, we can still calculate
∨
f ′(−1) after con�rming that

∨
f(−1) = 0, and

we noted that in these examples, the value of −
∨
f ′(−1) can in fact be veri�ed as

giving
� −∞
0

f(z)dz. As a result, we speculated that perhaps our whole Taylor-
series-to-the-left methodology, and in particular its relationship to generalised
Césaro Mellin transforms, could be expanded by relaxing the requirement to
focus on [0,∞) as our standard domain of integration; and instead allowing
consideration of alternative contours of integration from 0 to ∞ in the complex
plane.

An alternative (or perhaps complementary) possibility is that such exam-
ples may be rendered meaningful by extension not via Mellin transforms and
the generalised Césaro scheme naturally associated with them, but rather by an
alternative generalised convergence scheme (see [I]-[III]) and its naturally asso-
ciated transform operator. For example, for the sorts of functions just listed,
some sort of generalised Borel convergence scheme based on exponential, rather
than power, functions may be applicable and may allow us, in conjunction with
an allied (presumably Fourier- or Laplace-like) transform, to de�ne analogues
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of TLA-coe�cient functions and derive results analogous to those we have de-
veloped in this paper and in [XI]-[XIV].

(ii)As regards Taylor-series-to-the-left methodology based on generalised Césaro
convergence and Mellin transforms, however, note that there are not merely
many challenges left to investigate, as discussed in section 6. There are also
clear boundaries which are insurmountable without some sort of extension along
the lines mentioned in (i).

For example, a function like f(x) = e−x−
1
x is Schwartzian both as x →

∞ and as x → 0+. As such, while it has a well-de�ned Mellin transform,

−M[f ](−s), and therefore a well-de�ned TLA-coe�cient function,
∨
f(s), this

TLA-coe�cient function has
∨
f(m) = 0 for all m ∈ Z. It is therefore seemingly

impossible to get any sort of foothold in trying to use Taylor-series-to-the-left
methodology to calculate

�∞
0
f(x)dx.

(iii) A further natural area for exploration regarding Taylor-series-to-the-left
methodology is whether it can be extended from functions of a single variable
to higher dimensions and, if so, how.

As regards the integration aspects of the theory, for classically integrable
functions of many variables some progress may be achievable simply by adopt-
ing polar coordinates and then using results developed so far on the integral
component of the form

�∞
0

· dr (after separating out dependence in r from
dependence in the angular variables parametrising the unit sphere).

More generally, however, it is interesting to contemplate how generalised
Césaro convergence might be extended from one to higher dimensions; what
role the Mellin transform or a suitable analogue of it might play; and how the
results we have developed regarding integrals, local and global asymptotics and
so forth, might generalise. At the same time, however, we note that the exten-
sion to complex s has been critical in the one-dimensional theory developed so
far - how this connection to complex variables would play out in any such move
to higher dimensions is extremely unclear.

(iv) Returning to the 1-d case, another area for speculation concerns the role of
power series - near 0, near ∞ or as in, for example, the von Mangoldt formula
- in what has been developed.

Such power series are essentially expansions in eigenfunctions of the gener-
alised Césaro operator, P . Thus it is natural to wonder whether there might be
value in extending such series to consider expressions which also include gener-
alised eigenfunctions of P , namely functions of the form xν(lnx)m where ν ∈ C
and m ∈ Z≥0; that is, to consider expansions of the form

∑
ν,m aν,mx

ν(lnx)m.
Note, however, that at this stage this is really nothing more than the strayest

of stray thoughts - no progress has been made in this direction either in theory
or potential application, despite its seeming naturalness.

(v) Staying with stray observations, the hybrid application of Taylor-series-to-
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the-left methodology often consists of �nding natural methods for going from
the functions f0(m) and f∞(m) on m ∈ Z - which encode the coe�cients of the

power series expansions for f near 0 and as z → ∞ - to the general form of
∨
f(s)

at arbitrary s ∈ C, based on knowing that at s = m ∈ Z we have

∨
f(m) = f0(m)− f∞(m) .

The fact that f0 and f∞ are only canonically well-de�ned for m ∈ Z is at the
heart of what makes this challenging.

Given this, it is worth noting that, in theory at least, f0 and f∞ can actually
be de�ned for arbitrary s ∈ C, as follows. Fix a ∈ (0,∞) arbitrary and de�ne
f0(s) as

f0(s) =
sin(2πs)

2π
·
{
−
� a

0

f(z)z−s−1dz

}
(82)

where the integral is de�ned as its generalised Césaro value; and likewise de�ne
f∞(s) as

f∞(s) =
sin(2πs)

2π
·
{
+

� ∞

a

f(z)z−s−1dz

}
. (83)

Then it is trivial to see that
∨
f(s) = f0(s) − f∞(s) in general for arbitrary

s ∈ C.13 And an elementary Césaro calculation, taking limϵ→0 in the relevant
integrals for s = m + ϵ, shows that, independent of what value of a we have
chosen, f0 and f∞ de�ned in this way do continue to correctly pick o� the
coe�cients of zm in the power series for f(z) near 0 and as z → ∞ respectively.

The fact that these results hold irrespective of our choice of a in (0,∞) shows
that we have one parameter of gauge-freedom in how to de�ne f0 and f∞ while
still satisfying the required conditions prescribing their values at m ∈ Z.

In practice, these de�nitions are not ones we have used, since our aim has
been to use Taylor-series-to-the-left methods and generalised Césaro techniques

to get at the TLA-coe�cient function,
∨
f(s), without having to directly calculate

either the Mellin transform of f or these two components of it. But it is nice to

note that the transition from f0, f∞ and m ∈ Z to
∨
f and s ∈ C, which is central

to so many of the Taylor-series-to-the-left computations we have undertaken, is
a natural, not an arti�cial, one.

(vi) As a �nal point, note that while we have focussed on integration results in
recent sections and in the earlier comments in this section, we believe that there
is large scope for using Taylor-series-to-the-left methods to understand existing
results or to derive new ones regarding number theory and the zeta function
ζ(s). We conclude with one further example.

13since the integrals
� a
0 and

�∞
a in equations 82 and 83 just split up the Mellin transform

−M[f ](−s) underlying our canonical de�nition of
∨
f(s) into two pieces
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In his discussion of the general distribution of zeros of ζ in [2, section 9.8],
Titchmarsh proves the result of Ramanujan that for any a, b ∈ R>0 satisfying
ab = π, we have

√
a ·

∞∑
n=1

µ(n)

n
e−

a2

n2 −
√
b ·

∞∑
n=1

µ(n)

n
e−

b2

n2 = − 1

2
√
b
·
∑
ρ∈NT

bρ ·
Γ( 12 − 1

2ρ)

ζ ′(ρ)
. (84)

But how Ramanujan came to be considering the expression on the LHS in this
equation, and why the subtraction of its two components is both natural and
necessary, is left unexplained. One explanation using Césaro arrays and Taylor-
series-to-the-left methods to cast light on this can be sketched brie�y as follows.

Recall �rst that in [IV]-[VI] we have considered at length the function14

H(a) := 1
2+

∑∞
n=1 e

−πn2a2 . Thinking in terms of Césaro arrays, it is a small step

to consider instead summands involving e−
a2

n2 so that the sums at each "height"
in the Césaro array for the Taylor series around 0 are classically convergent.
Then, in line with our ruminations towards the end of section 2.4, it is likewise
a small step to introduce an overall oscillatory factor involving the Möbius

function. If we choose this factor as µ(n)
n then the sums at each height will still

end up involving ζ-values, but they will be at odd rather than even positive
integer arguments (and by the functional equation for ζ these will in turn be
related to the behaviour of ζ near its trivial zeros at the negative even integers).
Finally, incorporating an overall factor which is a �xed power of a outside the
sum would not a�ect any Césaro analysis, and we take this factor as

√
a.15

It is thus natural to consider the expression
√
a ·

∑∞
n=1

µ(n)
n e−

a2

n2 , and if we
introduce u :=

√
a so as to avoid complexities with branch cuts, this is the

function, which we shall call f(u), given by

f(u) := u ·
∞∑
n=1

µ(n)

n
e−

u4

n2 . (85)

This is the �rst term on the LHS in equation 84. The second term consists of
the function

g(u) := f(

√
π

u
) =

√
π

u
·

∞∑
n=1

µ(n)

n
e−

π2

n2u4 . (86)

Now since
∑∞
n=1

µ(n)
n = 1

ζ(1) = 0, and since limn→∞ e−
u4

n2 = 1 for any u, it

is easy to see that f is neither singular at 0 nor as u→ ∞, and the same is true
for g.

Considering f �rst and expanding e−
u4

n2 as
∑∞
j=0

(−1)j

j!
1
n2j u

4j , the component-

1 sums in our Césaro array converge classically to (−1)j

j!
1

ζ(2j+1) at each height

4j + 1 and there are no component-2 pieces to include. The Taylor series for f

14which plays a central role in the theory of ζ, going all the way back to Riemann
15The reason for this choice emerges in the course of our computation.

43



near 0 is thus

f(u) =

∞∑
j=1

(−1)j

j!

1

ζ(2j + 1)
u4j+1 = − 1

ζ(3)
u5 +

1

2!

1

ζ(5)
u9 − . . . (87)

and we have

∨
f(m) =

1

8
· sin(2π(m− 1))

sin(π (m−1)
4 )

· 1

( (m−1)
4 )!

· 1

ζ( (m+1)
2 )

for m ∈ Z≥0 . (88)

Now, extending to the left, we see that (a) if m = −4j − 3 then
∨
f(m) = 0

since ( (m−1)
4 )! becomes singular and (b) if m = −4j or m = −4j − 2 is even,

then
∨
f(m) = 0 because sin(2π(m− 1)) = 0.

As for the case m = −4j − 1, we have
∨
f(−1) = 0 since sin(−4π) = 0 but

ζ(0) ̸= 0; but for j ≥ 1 the zeros in sin(−4π(2j + 1)) and ζ(−2j) "cancel"
each other in the usual way and leave a �nite value. An elementary L'Hopital's
calculation shows that this is given by

∨
f(−4j − 1) =

(−1)j+1

(−j − 1
2 )!

· π
2
· 1

ζ ′(−2j)
. (89)

Now the functional equation for ζ says that ζ(s) = 2sπs−1 sin(π2 s)Γ(1−s)ζ(1−s)
and it follows on di�erentiating and setting s = −2j that

ζ ′(−2j) = 2−2j−1 · π−2j · (−1)j · (2j)! · ζ(2j + 1) .

Putting this into equation 89 and recalling from the functional equation for Γ

that 1
Γ(−j+ 1

2 )Γ(j+
1
2 )

=
sin(π(j+ 1

2 ))

π = (−1)j

π , it follows that

∨
f(−4j − 1) =

(−1)j+1 · 22j · π2j · (j − 1
2 )!

(2j)! · ζ(2j + 1)

and on noting that (j − 1
2 )! = (j − 1

2 )(j −
3
2 ) · · · (

1
2 )(−

1
2 )! =

(2j−1)(2j−3)···1
2j ·

√
π,

this simpli�es to
∨
f(−4j − 1) =

(−1)j+1 · π2j+ 1
2

(j)! · ζ(2j + 1)
. (90)

Since f is non-singular near 0, the resulting power series in negative powers
of u, namely

∞∑
j=1

(−1)j · π2j+ 1
2

(j)! · ζ(2j + 1)
· 1

u4j+1
(91)

arises entirely from convergent, decaying behaviour of f(u) as u→ ∞. In other
words, we have

f0(m) =


(−1)j

(j)!·ζ(2j+1) , m = 4j + 1 and j ≥ 1

0 , else

(92)
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and

f∞(m) =


(−1)j ·π2j+1

2

(j)!·ζ(2j+1) , m = −4j − 1 and j ≥ 1

0 , else .

(93)

But then, noting that g(u) = f(
√
π
u ) and that g is also non-singular both

as u → 0+ and as u → ∞, we can see why it was necessary for Ramanujan to
consider the di�erence f(u)− g(u) as the expression on the LHS in equation 84
rather than f(u) or g(u) alone, or any other combination of them.

This is because, as u→ 0+ we have
√
π
u → ∞ and thus, from equation 91

g(u) ≈
∞∑
j=1

(−1)j · π2j+ 1
2

(j)! · ζ(2j + 1)
· 1

(
√
π
u )4j+1

=

∞∑
j=1

(−1)j

(j)! · ζ(2j + 1)
· u4j+1 (94)

so that g0(m) = f0(m) for all m ∈ Z; while for u → ∞ we have
√
π
u → 0+ and

therefore, from equation 87

g(u) ≈
∞∑
j=1

(−1)j

(j)! · ζ(2j + 1)
· (

√
π

u
)4j+1 =

∞∑
j=1

(−1)j · π2j+ 1
2

(j)! · ζ(2j + 1)
· 1

u4j+1
(95)

so that g∞(m) = f∞(m) for all m ∈ Z.
It follows that, while f(u) and g(u) are not the same function, they have

identical power series expansions both near 0 and as u → ∞. Thus their dif-
ference has both such power series expressions being identically zero. In other
words, their di�erence is Schwartzian both as u→ 0+ and as u→ ∞, i.e.

f(u)− g(u) ∈ S0(u) and f(u)− g(u) ∈ S∞(u) . (96)

This is necessary in order for Ramanujan's formula 84 to have any chance of
holding, since the RHS in equation 84 only contains powers u−2ρ+1, ρ ∈ NT ,
and therefore could not entail integer powers of u as u→ 0+ or u→ ∞.

Comments: (i) The above only shows, of course, why it was necessary for
Ramanujan to take the di�erence f(u)− g(u) on the LHS in this formula; it is
not su�cient to show why this remarkable formula holds. That proof involves
contour integration and is given in [2, section 9.8].

We nonetheless believe that the explanation and argument given here provide
insight into the structure of the formula. And, as noted, we believe there is
considerable scope for applying such Césaro array and Taylor-series-to-the-left
reasoning - which we �nd reminiscent of dimensional analysis in physics - more
widely in the areas of analytic number theory and the analysis of ζ.
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